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^ Abstract 

H-i Fix constants x > and 9 G [0, 27r), and let h be an instance 

of the Gaussian free field on a planar domain. We study flow lines 
^ of the vector field e*(^/^+^) starting at a fixed boundary point of the 

domain. Letting 9 vary, one obtains a family of curves that look locally 
Ph like SLE«; processes with k G (0,4) (where X = ^ ~ which we 

interpret as the rays of a random geometry with purely imaginary 

curvature. 

^ We extend the fundamental existence and uniqueness results about 

these paths to the case that the paths intersect the boundary. We also 

^ show that flow lines of different angles cross each other at most once 

^ but (in contrast to what happens when h is smooth) may bounce off 

of each other after crossing. Flow lines of the same angle started at 
different points merge into each other upon intersecting, forming a tree 

^ structure. We construct so-called counterflow lines (SLEig/re) within 

the same geometry using ordered "light cones" of points accessible by 

^ angle-restricted trajectories and develop a robust theory of flow and 

^-H counterflow line interaction. 

^ The theory leads to new results about SLE. For example, we prove 

that SLEk(p) processes are almost surely continuous random curves, 
even when they intersect the boundary, and establish Duplantier du- 
ality for general SLEigy^(p) processes. 
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1 Introduction 

All readers are familiar with two dimensional Riemannian geometries whose 
Gaussian curvature is purely positive (the sphere), purely negative (hyper- 
bolic space), or zero (the plane). In this paper, we study "geometries" whose 
Gaussian curvature is purely imaginary. We call them imaginary geometries. 

Imaginary geometries have zero real curvature, which means (informally) 
that when a small bug slides without twisting around a closed loop, the bug's 
angle of rotation is unchanged. However, the bug's size may change (an Alice 
in Wonderland phenomenon that further justifies the term "imaginary")]^ 
"Straight lines" and "angles" are well-defined in imaginary geometry, and 
the angles of a triangle always sum to vr, but "distance" is not defined. 

A simply connected imaginary geometry can be described by a simply 
connected subdomain D of the complex plane C and a function h: D ^ Rj^ 
The angle-^ ray beginning at a point z G D is the flow line of e**^'*"'"^'' beginning 
at z, i.e., the solution to the ODE 

r)'{t) = e'('^(''W)+^) for t > 0, r]{0) = z (1.1) 

as in Figure l.lp In this paper we concern ourselves only with these rays. 



^In both real and imaginary geometries, parallel transport about a simple loop multi- 
plies a C-identified tangent space by e**^ where C is the integral of the enclosed curvature; 
these transformations are rotations when C is real, dilations when C is imaginary. 

^In the language of differential geometry, an imaginary geometry is a two dimensional 
manifold endowed with a torsion-free afHne connection whose holonomy group consists 
entirely of dilations (cf. ordinary Riemannian surfaces, whose Levi-Civita holonomy groups 
consist entirely of rotations) , and straight lines are geodesic flows of the connection. The 
connection endows the manifold with a conformal structure, and by the uniformization 
theorem one can conformally map the geometry to a planar domain on which the geodesies 
are determined by some function h in the manner described here |ShelO| . 

■^Imaginary geometries have also been called "altimeter-compass" geometries [She) . 
If the graph of h is viewed as a mountainous terrain, then a hiker holding an analog 
altimeter — with a needle indicating altitude modulo 27r — in one hand and a compass in 
the other can trace a ray by walking at constant speed (continuously changing direction 
as necessary) in such a way that the two needles always point in the same direction. 
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which we view as a simple and complete description of the imaginary geom- 
etry]^ Our goal is to make sense of and study the properties of these flow 
lines when /i is a constant multiple of a random generalized function called 
the Gaussian free field. 



1.1 Overview 

Given an instance h of the Gaussian free field (GFF), constants x > and 
6 e [0,27r), and an initial point z, is there always a canonical way to define 
the flow lines of the complex vector field e'^^^^^~^^\ i.e., solutions to the ODE 



= e^('^(''(*))/^+'') for t > 0, 



;i-2) 



beginning at z7 The answer would obviously be yes if h were a smooth 



function (Figure 1.1 ), but it is less obvious for an instance of the GFF, which 
is a distribution (a.k.a. a generalized function), not a function (Figures |1.2| - 

rii). 




(a) The vector field e*'*'^' where h{z) = 
together with a flow line started at 

zero. 



(b) Flow lines of e*('*(^)+*) for 12 uniformly 
spaced d values. 



Figure 1.1 



This description is canonical up to conformal coordinate change, see Figure 1.6 
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Several works in recent years have addressed special cases and variants 
of this question (Shi IDubnQbl iMSTOl ISSM IHBBim HKTnl ISh^n] and have 
shown that in certain circumstances there is a sense in which the paths 
are well-defined (and uniquely determined) by and are variants of the 
Schramm-Loewner evolution (SLE). In this article, we establish a more gen- 
eral set of results that apply in the case that z is a point on the boundary of 
the domain where h is defined. (Flow lines beginning at interior points will 
be addressed in a subsequent paper.) In particular, we show that the paths 
exist and are determined by h even in settings where they hit and bounce 
off of the boundary, and we will also describe the interaction of multiple flow 
lines that hit the boundary and cross or bounce off each other. These topics 
have never been previously addressed. Ultimately, our goal is to establish a 
robust theory of the imaginary geometry of the GFF, with a complete de- 
scription of all the rays and the way they interact with each other. This 
will have a range of applications in SLE theory: in particular, this paper 
will establish continuity results for SLEk(p) curves and generalizations of so- 
called Duplantier duality (i.e., descriptions of the boundaries of SLEi6/k(p) 
curves), along with a "light cone" interpretation of SLEi6/k(p) that allows 
these curves to be constructed and decomposed in surprising ways. 

This paper is the first in a four-paper series that also includes |MS12at 
IMS12bl IMS12c] . Among other things, the later papers will use the theory 
established here to produce descriptions of the time-reversals of SLEk(p) 
for all values of k, a complete construction of trees of fiow lines started 
from interior points, the first proof that conformal loop ensembles CLE^' are 
canonically defined when n' G (4, 8), and a geometric interpretation of these 
loop ensembles. In subsequent works, we expect these results to be useful to 
the theory of Liouville quantum gravity, allowing one to generalize the results 
about "conformal weldings" of random surfaces that appear |ShelO] . and to 
complete the program outlined in [ShellJ for showing that discrete loop- 
decorated random surfaces have CLE-decorated Liouville quantum gravity 
as a scaling limit, at least in a certain topology. We will find that many 
basic SLE and CLE properties can be can be established more easily and in 
more generality using the theory developed here. 

We will fix X > and interpret the paths corresponding to different 9 
values as "rays of a random geometry" angled in different directions and show 
that different paths started at a common point never cross one another. Note 
that these are the rays of ordinary Euclidean geometry when /i is a constant. 

Theorem II. II and Theorem 11.21 establish the fact that the flow lines are 
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Figure 1.2: Numerically generated flow lines, started at a common point, 
of e*^^/^"*"^^ where h is the projection of a GFF onto the space of functions 
piecewise linear on the triangles of a 300 x 300 grid; k = 4/3 and x = 
2/a/k— = a/4/3. Different colors indicate different values of ^ G [0, 27r). 
We expect but do not prove that if one considers increasingly fine meshes (and 
the same instance of the GFF) the corresponding paths converge to limiting 
continuous paths (an analogous result was proven for k = 4 |SS09t ISSlOj ). 



well-defined and uniquely determined by h almost surely. Theorem 1.1 is the 
same as a theorem proved in |Dub09bj and is restated here for convenience. 
(As stated in |Dub09bj . the theorem was conditional on the existence of 
solutions to a certain SDK, but we will prove this existence in Section |2]) 
This theorem establishes the existence of a coupling between h and the path 
with certain properties. Theorem 1.2| then shows that in this coupling, the 
path is almost surely determined by the field. Theorem 1.2 is an extension 
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Figure 1.3: Numerically generated flow lines, started at —i of e*'-'*/-^"'"^^ where 
h is the projection of a GFF on [—1, 1]^ onto the space of functions piecewise 
linear on the triangles of a 300 x 300 grid; k = 1/8. Different colors indicate 
different values of 6' G [— f , f]- The boundary data for h is chosen so that the 
central ("north-going") curve shown should approximate an SLEi/g process. 



of a result in |Dub09bj . though the generalization is non-trivial and one of 
the major new contributions of this article. Unlike the result in |Dub09b] . 
our Theorem 1.2 applies to paths that interact with the domain boundaries 
in non-trivial ways, and this requires new tools. 

The boundary-intersecting case of Theorem L2 and other ideas will then 
be used to describe the way that distinct flow lines interact with one another 
when they intersect (see Figure 1.21). We show that the flow lines started 
at the same point, corresponding to different 6 values, may bounce off one 
another (depending on the angle difference) but almost surely do not cross 
one another (see Proposition 7.11), that flow lines started at distinct points 
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Figure 1.4: Numerically generated flow lines, started at —i of e*'-'*/-^"'"^^ where 
h is the projection of a GFF on [—1, 1]^ onto the space of functions piecewise 
linear on the triangles of a 300 x 300 grid; k = 1. Different colors indicate 
different values of 6' G [— f , f]- The boundary data for h is chosen so that the 
central ("north-going") curve shown should approximate an SLEi process. 

with the same angle can "merge" with each other, and that flow lines started 
at distinct points with distinct angles almost surely cross at most once. We 
give a complete description of the conditional law of h given a finite collection 
of (possibly intersecting) flow lines. (The conditional law of h given multiple 
flow line segments is discussed in |Dub09b] . but the results there only apply 
to non-intersecting segments. Extending these results requires, among other 
things, ruling out pathological behavior of the conditional expectation of the 
field — given the paths — near points where the paths intersect.) These are 
some of the fundamental results one needs to begin to understand (continuum 



analogs of) Figures 



1.2 


1.5 


1.7 


and 


1.8 
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Figure 1.5: Numerically generated flow lines, started at —i of e*'-'*/-^"'"^^ where 
h is the projection of a GFF on [—1, 1]^ onto the space of functions piecewise 
linear on the triangles of a 300 x 300 grid; k = 2. Different colors indicate 
different values of 6' G [— f , f]- The boundary data for h is chosen so that the 
central ("north-going") curve shown should approximate an SLE2 process. 



As mentioned above, we also establish some new results in classical SLE 
theory. For example, the flow line technology enables us to show in The- 
that the so-called SLEk(p) curves are a.s. continuous even when 



orem 



1.3 



they hit the boundary. Rohde and Schramm proved that ordinary SLE^ on a 
Jordan domain is continuous when k ^ 8 |RS05j : the continuity of SLEg was 
proved by Lawler, Schramm, and Werner in |LSW04] (extensions to more 
general domains are proved in |GRS08j ) but their techniques do not readily 
apply to boundary intersecting SLE^{p), and the lack of a proof for SLE^^^p) 
has been a persistent gap in the literature. Another approach to proving 
Theorem 1.3 in the case of a single force point, based on extremal length 
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arguments, has been proposed (though not yet pubhshed) by Kemppainen, 
Schramm, and Sheffield |KSS] . 

The random geometry point of view also gives us a new way of under- 
standing other random objects with conformal symmetries. For example, 
we will use the flow-line geometry to construct so-called counterflow lines, 
which are forms of SLEiq/k G (0,4)) that arise as the "light cones" of 
points accessible by certain angle-restricted SLE^ trajectories. To use an- 
other metaphor, we say that a point y is "downstream" from another point 
X if it it can reached from x by an angle-varying flow line whose angles lie 
in some allowed range; the counterflow line is a curve that traces through 
all the points that are downstream from a given boundary point x, but it 
traces them in an "upstream" (or "counterflow" ) direction. This is the con- 
tent of Theorem 1.4, which is stated somewhat informally. (A more precise 
statement of Theorem 1.4, which applies to SLEiQ/^{p) processes that are 
not boundary intersecting, appears in Proposition |5.9[ the general version 
is explained precisely in Section 7.4.3 ) In contrast to what happens when 



h is smooth, the hght cones thus constructed are not simply connected sets 
when K G (2,4). It also turns out that one can reach all points in the light 
cone by considering paths that alternate between the two extreme angles. 
See Figures [l.l3 - 1.18 for discrete simulations of light cones generated in this 
manner (the two extreme angles differ by vr; see also Figure 1.19 for an ex- 
planation of the fact that a path with angle changes of size vr does not just 
retrace itself). 

We will also show in Proposition 7.33 that, for any k G (0,4), the union 
of all the flow lines starting at a given point z (as depicted in Figures |1.2| - 



1.5) almost surely has Lebesgue measure zero. Put somewhat fancifully, this 



states that when a person holds a gun at a point z in the imaginary geometry, 
there are certain other points (in fact, almost all points) that the gun cannot 
hit no matter how carefully it is aimed. (One might guess this to be the case 
from the amount of black space in Figures 1.2-1.5, 1.16 ) Generally, random 



imaginary geometry yields many natural ways of coupling and understanding 
multiple SLEs on the same domain, as well as SLE variants on non-simply- 
connected domains. 

The flow lines constructed here also turn out to be relevant to the study 
of Liouville quantum gravity. For example, we plan to show in a subsequent 



joint work with Duplantier that the rays in Figures 1.2-1.5 arise when gluing 



together independent Liouville quantum gravity surfaces via the conformal 
welding procedure presented in |ShelO] . The tools developed here are essen- 
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tial for that program. 



1.2 Background and Setting 

Let D C C be a domain with smooth boundary and let C^{D) denote the 
space of compactly supported C°° functions on D. For f,gE C^{D), let 



denote the Dirichlet inner product of / and g where dx is the Lebesgue 
measure on D. Let H[D) be the Hilbert space closure of C^{D) under 
(■, ■)v- The continuum Gaussian free field h (with zero boundary conditions) 
is the so-called standard Gaussian on H{D). It is given formally as a random 
linear combination 

h = ^anfn, (1-3) 

n 

where (a^) are i.i.d. A^(0, 1) and (/„) is an orthonormal basis of H{D). 

The GFF is a two-dimensional-time analog of Brownian motion. Just as 
many random walk models have Brownian motion as a scaling limit, many 
random (real or integer valued) functions on two dimensional lattices have 
the GFF as a scaling limit |BAD96t lNS97l IKenOlt [KVOTl iMiITn^ . 

The GFF can be used to generate various kinds of random geometric 
structures, including both Liouville quantum gravity and the imaginary ge- 
ometry discussed here [ShelOj . Roughly speaking, the former corresponds to 
replacing a Euclidean metric dx"^ + dy^ with e"'^{dx^ + dy^) (where 7 G (0, 2) 
is a fixed constant and h is the Gaussian free field). The latter is closely 
related, and corresponds to considering e*'*/^, for a fixed constant x > 0- I^^" 
formally, as discussed above, the "rays" of the imaginary geometry are flow 
lines of the complex vector field e^^^^^'^^\ i.e., solutions to the ODE (1.2), for 
given values of 77(0) and 6. 

A brief overview of imaginary geometry (as defined for general functions 
h) appears in jShelO] . where the rays are interpreted as geodesies of a vari- 
ant of the Levi-Civita connection associated with Liouville quantum gravity. 
One can interpret the e*'^ direction as "north" and the e*('^+'^/^) direction as 
"west", etc. Then h determines a way of assigning a set of compass direc- 
tions to every point in the domain, and a ray is determined by an initial 
point and a direction. (We have not described a Riemannian geometry, since 
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we have not introduced a notion of length or area.) When h is constant, the 
rays correspond to rays in ordinary Euchdean geometry. For more general 
continuous h, one can still show that when three rays form a triangle, the 
sum of the angles is always tt |ShelOj . 

Throughout the rest of this article, when we say that r/ is a flow line of 
h it is to be interpreted that i] is a flow line of the vector field e*'^/^; both h 
and X will be clear from the context. In particular, the statement that t] is 
a flow line of h with angle 6 is equivalent to the statement that 77 is a flow 
line of h + 6x- 

We next remark that if is a smooth function on D, rj a. flow line of 
e*^/-^, and ip: D ^ D a conformal transformation, then by the chain rule, 
o rj is a flow line of h oip — x arg tp' (note that a reparameterization of a 



flow line remains a flow line), as in Figure 1.6 With this in mind, we define 



an imaginary surface to be an equivalence class of pairs {D, h) under the 
equivalence relation 



(D, h) ^ {^-\D), ho^-xaTg^') = {D, h). 



[lA) 



Note that this makes sense even for h which are not necessarily smooth. We 
interpret ip as a (conformal) coordinate change of the imaginary surface. In 
what follows, we will generally take D to be the upper half plane, but one 



can map the flow lines defined there to other domains using (1.4). 





Figure 1.6: The set of flow lines in D will be the pullback via a conformal 
map ip of the set of flow lines in D provided h is transformed to a new 
function /i in the manner shown. 



When h is an instance of the GFF on a planar domain, the ODE (1.2) 
is not well-defined, since h is a distribution-valued random variable and not 
a continuous function. One could try to approximate one of these rays by 
replacing the h in (1.2) by its projection onto a space of continuous functions 
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— for example, the space of functions that are piecewise hnear on the trian- 
gles of some very fine lattice. This approach (and a range of 6 values) was 
used to generate the rays in Figures |1.2H1.5[ |1.7[ |1.8[ |1.13}|1.18| and |1.21[ We 
expect that these rays will converge to limiting path-valued functions of h as 
the mesh size gets finer. This has not been proved, but an analogous result 
has been shown for level sets of h jSS09t ISSlOj . 




Figure 1.7: Numerically generated flow lines, started at evenly spaced points 
on [—1 — i, 1 — i] of e*'^/^ where h is the projection of a GFF on [—1, 1]^ onto 
the space of functions piecewise linear on the triangles of a 300 x 300 grid; 
K = 1/2. The angle of the green lines is | and the angle of the red lines is — |. 
Flow lines of the the same color appear to merge, but the red and green lines 
always cross at right angles. The boundary data of h was given by taking 



boundary conditions on H and then applying the transformation rule (1.4) 
with a conformal map ■?/': H — t- [—1, 1]^ where ip{^) = —i and ip{oo) = i. 



As we discussed briefly in Section 1.1, it turns out that it is possible 
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Figure 1.8: Numerically generated flow lines, started at —1/2 — z and 1/2 — i 
of e*^'^/^^^^ with angles evenly spaced in [— |, |] where h is the projection of a 
GFF on [—1, 1]^ onto the space of functions piecewise linear on the triangles 
of a 300 X 300 grid; n = 1/2. Flow lines of different colors appear to cross at 
most once and flow lines of the same color appear to merge. The boundary 



data for h is the same as in Figure 1.7 



to make sense of these flow lines and level sets directly in the continuum, 
without the discretizations mentioned above. The construction is rather 
interesting. One begins by constructing explicit couplings of h with variants 
of the Schramm-Loewner evolution and showing that these couplings have 
certain properties. Namely, if one conditions on part of the curve, then 
the conditional law of h is that of a GFF in the complement of the curve 
with certain boundary conditions. Examples of these couplings appear in 
[Shil IDubOQbi [SSTOl [SCTi] as well as vari ants in [MSlOl IHBBlOl HKTO] . 
This step is carried out in some generality in |Dub09bl IShelO] . A second step 
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(implemented only for some particular boundary value choices in |Dub09bj 
and jSSlOj ) is to show that in such a coupling, the path is actually completely 
determined by h, and thus can be interpreted as a path-valued function of h. 

Before we describe the rigorous construction of the flow lines of e'^^^^^~^^\ 
let us offer some geometric intuition. Suppose that /i is a continuous function 
and consider a flow line of the complex vector field e^^^^ in H beginning at 
0. That is, rj: [0, oo) — )■ H is a solution to the ODE 

ry'(t) = e^'*(''W)/^ for t > 0, r/(0) = 0. (1.5) 

Note that ||?7'(t)|| = 1. Thus, the time derivative ri'{t) moves continuously 
around the unit circle and {h{rj{t)) — h{ri{0))) /x describes the net amount 
of winding of 1]' around between times and t. Let gt be the Loewner 
map of 1]. That is, for each t, gt is the unique conformal transformation of 
the unbounded connected component of H \ 77([0, t]) to H that looks like the 
identity at infinity: lim2_!.oo \gt{z) — z\ = 0. Loewner's theorem says that gt 
is a solution to the equation 

^'^'^'^ = gt{z)^-Wt ' ^°(")=^' ^^-6) 

where Wt = gt{r]{t)), provided r] is parameterized appropriately. It will be 
convenient for us to consider the centered Loewner flow ft = gt — Wt of rj in 
place of gt- The reason for this particular choice is that ft maps the tip of 
rjlio^t] to 0. Note that 

dft{z) = -j^dt - dWt. (1.7) 

We may assume that rj starts out in the vertical direction, so that the winding 
number is approximately 7r/2 as t J, 0. We claim that the statement that ?7|[o,t] 
is a flow line of e^^l'^^'^l'^ is equivalent to the statement that for each x on 
?7((0, t)), we have 

Xarg/;(z)^-/i(x)-X7r/2 (1-8) 
as z approaches from the left side of r] and 

Xarg/;(^)^-/i(x) + xvr/2 (1.9) 

as z approaches from the right side of r^. To see this, first note that both 
s I— 7- /t~"'^(s)|(o,s+) and s t-)- jt^{—s)\i^s.,'S) are parameterizations of r^lfo,*] where 



s_,s+ are the two images of under ft- One then checks (1.8) (and (1.9) 
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analogously) by using that ri{s) = ^(0(s)) for 0: (0, oo) — )■ (0, oo) a smooth 



decreasing function and applying (1.5). If x = 0, then (1.8) and (1.9) hold 



if and only if h is identically zero along the path, which is to say that r] is a. 
zero-height contour line of h. Roughly speaking, the flow lines of e^^^^ and 



level sets of h are characterized by (1.8) and (1.9), though it turns out that 
the "angle gap" must be modified by a constant factor in order to account 
for the roughness of the field. In a sense there is a constant "height gap" 
between the two sides of the path, analogous to what was shown for level 
lines of the GFF in |SS09t ISSlOj . The law of the flow line of h starting at 
is determined by the boundary conditions of h. It turns out that if the 



boundary conditions of h are those shown in Figure 1.9, then the flow line 
starting at is an SLE^ process (with p = 0). Namely, one has —A and A 
along the left and right sides of the axis and along the path one has —A' 
plus the winding on the left and A' plus the winding on the right, for the 
particular values of A and A' described in the caption. Each time the path 
makes a quarter turn to the left, heights go up by |x- Each time the path 
makes a quarter turn to the right, heights go down by |x- 



-A + XTT 



-A' 



A' 



A - ix = A' 



Figure 1.9: Fix k e (0, 4) and set A = A(k) = ^. Write A' = A(16/k) = 
Conditioned on a flow line, the heights of the fleld are given by (a constant 
plus) X times the winding of the path minus A' on the left side and x times 
the winding plus A' on the right side. For a fractal curve, these heights are 
not point-wise deflned (though their harmonic extension is well-deflned) . The 
figure illustrates these heights for a piecewise linear curve. In Figure 1.10[ we 
will describe a more compact notation for indicating the boundary heights 
in figures. 
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1.3 Coupling of paths with the GFF 

We will now review some known results about coupling the GFF with SLE. 
For convenience and concreteness, we take D to be the upper half-plane H. 
Couplings for other simply connected domains are obtained using the change 



of variables described in Figure 1.6 Recall that SLE^ is the random curve 



described by the centered Loewner flow (1.7) where Wt = yfnBt and Bt is a 
standard Brownian motion. More generally, an SLEk(p) process is a variant 
of SLEk in which one keeps track of multiple additional points, which we 
refer to as force points. Throughout the rest of the article, we will denote 
configurations of force points as follows. We suppose = {x^'^ < ■ ■ ■ < 
x^'^) where x^'^ < 0, and x^ = {x^'^ < ■ ■ ■ < x^'^) where x^'^ > 0. The 
superscripts L, R stand for "left" and "right," respectively. If we do not 
wish to refer to the elements of x^,x^, we will denote such a configuration 
as {x^;x^). Associated with each force point x^''^, q G {L,R} is a weight 
p*'"? G R and we will refer to the vector of weights as p = (p^;p^). An 
SLEk(p) process with force points {x^; x^) corresponding to the weights p is 
the measure on continuously growing compact hulls Kt — compact subsets 
of H so that H \ is simply connected — such that the conformal maps 



(yf^: H\Kt — )■ H, normalized so that Irnvz-^oo \9t{z) — -z] = 0, satisfy (1.7) with 
Wt replaced by the solution to the system of (integrated) SDEs 



q(i{L,R} 



Wt = v^Bt+ J2 E/ w^^^'^ (1-10) 

Jo W. — Vs 



1//'"= f ds + x^'", qe{L,R}. (1.11) 



We will provide some additional discussion of both SLE^ and SLEk(p) pro- 
cesses in a subsequent section. The general coupling statement below applies 



for all K > 0. Theorem 1A_ below gives a general statement of the existence 
of the coupling. Essentially, the theorem states that if we sample a particular 
random curve on a domain D — and then sample a Gaussian free field on 
D minus that curve with certain boundary conditions — then the resulting 
field (interpreted as a distribution on all of D) has the law of a Gaussian free 
field on D with certain boundary conditions. 



It is proved in |Dub09bj that Theorem 1.1 holds for any k and p for which 



a solution to (1.10) exists (this can also be extended to a continuum of force 



points; this is done for a time-reversed version of SLE in |ShelOj ). The special 
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case of ±A boundary conditions also appears in [She]. (See also [SlielOj for 
a more detailed version of the argument in [She] with additional figures and 
explanation.) 



The question of when (1.10) has a solution is not explicitly addressed in 



|Dub09b] . In Section § we will prove the existence of a unique solution to 
(1.10) up until the continuation threshold is hit — the first time t that 
Wt = Vf''^ where X]i=i P''^ — "2, for some q G {L, R}. This is the content of 



Theorem 2.2 We will not reprove Theorem 1.1 here except to note that it is 



an immediate consequence of Theorem 2.2 and |Dub09bl Theorem 6.4]. 

All of our results will hold for SLEk(p) processes up until (and including) 
the continuation threshold. It turns out that the continuation threshold is 
infinite almost surely if and only if 



p''^ > -2 for all 1 < j < A; and ^ p''^ > -2 for all 1 < j < 



i=l 



Theorem 1.1. Fix k > and a vector of weights {p , p ). Let Kt be the hull 



at time t of the SLEk(p) process generated by the Loewner flow (1.7) where 



Wt solves (1.10). There exists a coupling {K,h) where h is a zero boundary 



GFF on H such that the following is true. Suppose r is any finite stopping 
time less than the continuation threshold for K . Let f)^ be the function which 
is harmonic in H with boundary values 



i=0 

j 



^f [/*(x^+'''^),/*(x^'^)), 
z/ sG[/,(a;^-'^),/,(x^-+^'^)), 



2=0 



where p^'^ = p^'^ = 0, = 0", = -oo, x^'^ = 0+, and x^'^^'^ = oo. 



(See Figure 1.11.) Let 



f)i(z) = f)?(/,(z))-Xarg/;(^) 



X 



K 



Then the conditional law of {h + f)o)|H\_ft:T given K.^ is equal to the law of 
f)r + ho fr. 



18 




Continuously 
varying , 



(a) 





^rf+fx ^ 

d+TTX 


C-fXy 

e 


a 


b 




/-fx 


a+fx 


a 


b 6+fx 


a 


-fx 







(b) 



Continuously 
varying 



Figure 1.10: Throughout this article, we will need to consider Gaussian 
free fields whose boundary data changes with the winding of the boundary. 
In order to indicate this succinctly, we will often make use of the notation 
depicted on the left hand side. Specifically, we will delineate the boundary 
dD of a Jordan domain D with black dots. On each arc L of dD which 
lies between a pair of black dots, we will draw either a horizontal or vertical 
segment Lq and label it with x where x G R. This serves to indicate that the 
boundary data along Lq is given by x as well as describe how the boundary 
data depends on the winding of L. Whenever L makes a quarter turn to 
the right, the height goes down by fx and whenever L makes a quarter 
turn to the left, the height goes up by fx- More generally, if L makes a 
turn which is not necessarily at a right angle, the boundary data is given 
by X times the winding of L relative to Lq. When we just write x next to 
a horizontal or vertical segment, we mean to indicate the boundary data at 
that segment and nowhere else. The right panel above has exactly the same 
meaning as the left panel, but in the former the boundary data is spelled 
out explicitly everywhere. Even when the curve has a fractal, non-smooth 
structure, the harmonic extension of the boundary values still makes sense, 



since one can transform the figure via the rule in Figure |1.6| to a half plane 
with piecewise constant boundary conditions. The notation above is simply 
a convenient way of describing the values of the constants. We will often 
include horizontal or vertical segments on curves in our figures (even if the 
whole curve is known to be fractal) so that we can label them this way. 



Notice that X > when k, G (0,4), x < when k > 4, and that x('^) = 
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A(l + pi-^) -A -A A A A(l + pi-'0 
frU-^)f r'o-) /■(0+)/'(ii'^) 



Figure 1.11: The function f)" in Theorem 1.1 is the harmonic extension of 



the boundary values depicted in the right panel in the case that there are 
two boundary force points, one on each side of 0. The function f)^ = f)° o 



fr — x^^sfr Theorem 1.1 is the harmonic extension of the boundary data 



specified in the left panel. (Recall the relationship between A and A' indicated 



in Figure 1.9 



— x('t') for k' = 16/k (though throughout the rest of this article, whenever we 
write X it will be assumed that k G (0, 4)). This means that in the coupling of 



Theorem |l.l[ the conditional law of h given either an SLE^ or an SLE^' curve 
transforms in the same way under a conformal map, up to a change of sign. 
Using this, we are able to construct r] ~ SLE^, k G (0,4), and rj' ~ SLE^' 
curves within the same imaginary geometry (see Figure 1.12). We accomplish 
this by taking rj to be coupled with h and r]' to be coupled with —h, as in 
the statement of Theorem |1.1| (this is the reason we can always take x > 0). 
We will refer to the SLE^ curves, k G (0, 4), as flow lines of h and the SLE^/ 
curves as counterflow lines. The reason for the terminology is that, as briefly 
mentioned earlier, it will turn out that set of the points hit by an SLE^' 
counterflow line can be interpreted as a "light cone" of points accessible by 
certain angle-restricted SLE^j flow lines; the SLE^' passes through the points 
on each of these flow lines in the opposite ( "counterflow" ) direction. We will 
provide some additional explanation near the statement of Theorem 
The correction — x arg fj. which appears in the statement Theorem 



1.4 



1.1 



has 

the interpretation of being the harmonic extension of x times the winding 
of (9(H \ ?7([0,r])). We will use the informal notation x ■ winding for this 
function throughout this article and employ a special notation to indicate 
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this in figures. See Figure 1.10 for furtlier explanation of this point. 

Similar couplings are constructed in |IK10] for the GFF with Neumann 
boundary data on part of the domain boundary, and [ HBBIO] couples the 
GFF on an annulus with annulus SLE. Makarov and Smirnov extend the 
SLE4 results of [Shej ISSlOj to the setting of the massive GFF and a massive 
version of SLE in |MS10j . 

1.4 Main Results 

In the case that p = and rj is ordinary SLE, Dubedat showed in |Dub09bj 
that in the coupling of Theorem |1.1 the path is actually a.s. determined 



by the field. A k = 4 analog of this statement was also shown in |SS10] . 
In this paper, we will extend these results to the more general setting of 
Theorem II. 1[ 



Theorem 1.2. Suppose that h is a GFF on H and that rj ~ SLEk(p). // 
(r], h) are coupled as in the statement of Theorem \l.l\ then rj is almost surely 
determined by h. 

The basic idea of our proof is as follows. First, we extend the argument of 
|Dubn9b] for SLE«, k G (0,4], to the case of ~ SLE«(p) with p = (p^;p-^) 
where p^ and p^ are real numbers satisfying p^ > | — 2 and > 0. This 
condition implies that 77 almost surely does not intersect dH after time 
and allows us to apply the argument from |Dub09bj with relatively minor 
modifications. We then reduce the more general case that p^,p^ > —2 to 
the former setting by studying the flow lines r]0 of e*^'^/^"'"^^ emanating from 
0. In this case, these are also SLEk(p) curves with force points at 0^ and 
0"*". We will prove that if 6'i < < 6*2, then r/g^ almost surely lies to the right 
of 7] which in turn almost surely lies to the right of rjg^- We will next show 
that the conditional law of rj given rje^^rjo^ is an SLEk(p'''(6'i); p^{62)) process 
independently in each of the connected components of H\ (779^ yjrjg^) which lie 
between rjQ^ and rjQ^. By adjusting 6^1, 6*2, we can obtain any combination of 
p^{6i), p^{62) > —2. We then extend this result to the setting of many force 
points by systematically studying the case with two boundary force points 
which are both to the right of and then employing the absolute continuity 
properties of the GFF combined with an induction argument. The idea for 
K > A follows from a more elaborate variant of this general strategy. 

By applying the same set of techniques used to prove Theorem 1.2, we 
also obtain the continuity of the SLEk(p) trace. 
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Figure 1.12: We can construct SLE^ flow lines, k G (0,4), and SLE^', 
k' = 16 /k, counterflow lines within the same imaginary geometry. This is 
depicted above for a single counterflow line t]' emanating from y and a flow 
line rje with angle 6 starting from x. In this coupling, rjg is coupled with 
h + 6x and r]' is coupled with —h as in Theorem 1.1 Also shown is the 
boundary data for h in D \ {ri'{[0,T']) U rig{[0,T])) conditional on ?76»([0,t]) 
and ri'{[0,T']) where r and r' are stopping times for rjg and rj' respectively 
(we intentionally did not specify the boundary data of h on dD). Assume 
that rj' is non-boundary fllling. Then if ^ = -(A' — A) = — | so that the 
boundary data on the right side of r/g matches that on the right side of rj , 
then rjg will almost surely hit and then "merge" into the right boundary of 
1]'. The analogous result holds if 6' = ^(A — A') = | so that the boundary 
data on the left side of r]g matches that on the left side of r]'. This fact is 
known as Duplantier duality (or SLE duality). More generally, if 6* G [— f , f] 
then r]g is almost surely contained in rj' but the union of the traces of rjg as 9 
ranges over the entire interval [— f , f] is almost surely a strict subset of the 
range of t]'. We will show, however, that the range of t]' can be constructed 
as a "light cone" of SLE^ trajectories whose angle is allowed to vary in time 
but is restricted to [— f , f]- 



Theorem 1.3. Suppose that k > 0. If t] ^ SLEk(p) on H from to oo then 
7] is almost surely a continuous path, up to and including the continuation 
threshold. On the event that the continuation threshold is not hit before rj 
reaches oo, we have a.s. that lim^^oo |'7(^)| = oo. 
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The continuity of SLE^ (with p = 0) was first proved by Rohde and 
Schramm in |RS05] . By invoking the Girsanov theorem, one can deduce 
from |RS05] that SLEk(p) processes are also continuous, but only up until 
just before the first time that a force point is absorbed. The main idea of 
the proof in |RS05j is to control the moments of the derivatives of the reverse 
SLEk Loewner flow near the origin. These estimates involve martingales 
whose corresponding PDEs become complicated when working with SLEk(p) 
in place of usual SLE^. Our proof uses the Gaussian free field as a vehicle to 
construct couplings which allow us to circumvent these technicalities. 

Another achievement of this paper will be to show how to jointly construct 
all of the flow lines emanating from a single boundary point. This turns out 
to give us a flow-line based construction of SLEi6/k(p), G (0,4). That 
is, SLE16/K variants occur naturally within the same imaginary geometry as 
SLEfj. Note that 16/fi; assumes all possible values in (4, 00) as k ranges over 
(0, 4). Imprecisely, we have that the set of all points reachable by proceeding 
from the origin in a possibly varying but always "northerly" direction (the 
so-called "light cone" ) along SLE^ flow lines is a form of SLEiq/k for k G (0, 4) 



generated in the reverse direction (see Figure 1.12). 



Theorem 1.4 below is stated somewhat informally. As mentioned earlier, 



precise statements will appear in Proposition 5.9 and in Section 7.4.3 



Theorem 1.4. Suppose that h is a GFF on H with piecewise constant bound- 
ary data. Let rj' be the counterflow line of h starting at 00 targeted at 0. 
Assume that the continuation threshold for rj' is almost surely not hit. Then 
the range of Vj is almost surely equal to the set of points accessible by SLE^ 
trajectories of h starting at whose angles are restricted to be in [— |, |] but 
may change in time. Let rj^ be the flow line of h with angle | starting at 
andrjFi the flow line ofrjR the flow line of h with angle — |. It is almost surely 
the case that iff]' is nowhere boundary filling (i.e., ?7'nR has empty interior), 
then rjL and r]R do not hit the continuation threshold before reaching 00 and 
are the left and right boundaries of rj' . 

A similar statement holds on the event that t]' is boundary filling on one or 
more segments o/R. In this case, rj^ and rjn hit their continuation thresholds 
before reaching 00, but they can be extended to describe the entire left and 



right boundaries of rj in the manner explained in Figure 7.22 



The light cone construction of SLEig/^ processes described in the state- 



ment of Theorem 1.4 includes what is known as Duplantier duality or SLE 



duality — that the outer boundary of an SLEi6/k process is equal in law to 
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Figure 1.13: Simulation of the light cone construction of an SLEg curve t]' in [—1,1]^ 
from i to — i, generated using a projection /i of a GFF on [—1,1]^ onto the space of 
functions piecewise linear on the triangles of an 800 x 800 grid. The lower left panel shows 
left and right boundaries of 77', which consist of points accessible by flowing in the vector 
field f^^l^ for X = 2/^873- ^873/2 at angle f (red) and -f (yellow), respectively, from 
—i. The lower middle panel shows points accessible by flowing at angle | (red) or angle 
— § (yellow) from the yellow and red points, respectively, of the left picture; the lower 
right shows another iteration of this. The top picture illustrates the light cone, the limit 
of this procedure. (All paths are red or yellow; any shade variation is a rendering artifact.) 
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Figure 1.14: Numerical simulation of the light cone construction of an SLEig/3 process 
rj in [—1, 1]^ from i to —i generated using a projection /i of a GFF on [—1, 1]^ onto the 
space of functions piecewise linear on the triangles of an 800 x 800 grid. The lower left 
panel depicts the left and right boundaries of 77', which correspond to the set of points 
accessible by flowing in the vector field e^^l^ for x — — a/3/2 at angle ^ (red) 

and — ^ (yellow), respectively, from —i. The lower middle panel shows the set of points 
accessible by flowing at angle | (red) or angle — | (yellow) from the yellow and red points, 
respectively, of the left picture and the lower right panel depicts another iteration of this. 
The top picture illustrates the light cone, which is the limit of this procedure. 
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Figure 1.15: Numerical simulation of the light cone construction of an SLEe4(32;32) 
process 77' in [— l,!]'^ from i to —i generated using a projection h oi a. GFF on [—1,1]^ 
onto the space of functions piecewise linear on the triangles of an 800 x 800 grid. (It turns 
out that SLE64(pi; /92) processes are boundary filling only when pi,p2 < 28.) The lower 
left panel depicts the left and right boundaries of 77', which correspond to the set of points 
accessible by flowing in the vector field e*''/^ for x — 2/-\/l/4 — y'l/4/2 at angle ^ (red) 
and — I (yellow), respectively, from —i. The lower middle panel shows the set of points 
accessible by flowing at angle | (red) or angle — | (yellow) from the yellow and red points, 
respectively, of the left picture and the lower right panel depicts another iteration of this. 
The top picture illustrates the light cone, which is the limit of this procedure. 
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Figure 1.16: The simulation of the hght cone from the top panel of Fig- 
ure 1.15 where trajectories which flow at angle | are dark gray and those 
which flow at angle — | are depicted in a medium-dark gray. The fan from 
—i — the set of all points accessible by fixed-angle trajectories with angles 
in [— |, |] starting at —i — is drawn on top of the light cone. The differ- 
ent colors indicate trajectories with different angles. The simulation shows 
that the fan does not fill the light cone; we establish this fact rigorously in 



Proposition 7.33 



a kind of SLE^ process. This was proven in certain special cases by Zhan 
|Zha08| fZhalOj and Dubedat |Dub09aj . Theorem 1.4 provides a very general 
version of this duality. It shows that the law of the right boundary of any 
SLEi6/k(p') process rj' from oo to in H is given by the flow line of angle — | 
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Figure 1.17: Numerical simulation of the light cone construction of an SLE128 
process rl in [—1, 1]^ from i to —i generated using a projection /i of a GFF 
on [—1,1]^ onto the space of functions piecewise linear on the triangles of an 
800 X 800 grid. The red and yellow curves depict the left and right boundaries, 
respectively, of the time evolution of rj as it traverses [—1,1]^. 

in the same imaginary geometry. Analogously, the law of the left boundary 
of any SLEi6/k(p') process 77' is given by the flow line of angle | in the same 
imaginary geometry. We can also compute the conditional law of r( given 
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(a) An SLEg process ?/ from i to —i (b) The zero angle flow line rj from —i 

generated using the light cone con- to i drawn on top of rf . 

struction. 




(c) The fan from — i to i. The rays are (d) The fan drawn on top of 77'. It does 
SLE8/3(/9i; P2) processes. not cover the range of 77'. 



Figure 1.18: Numerical simulation of the light cone construction of an SLEg process 
r]' in [—1,1]^ from i to —i and its interaction with with the zero angle flow line 77 ~ 
SLEg/3(— 1; —1) and the fan starting from — z, generated using a projection h oi a GFF on 
[—1,1]^ onto the space of functions piecewise linear on the triangles of an 800 x 800 grid. 
In the top right panel, the conditional law of the restrictions of 77' given 77 to the left and 
right sides of [—1, 1]-^ \ 77 are independent SLE6(— |) processes. 
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Figure 1.19: Let /i be a GFF on a Jordan domain fix x,y E dD distinct, 
and let r] be the flow line of h starting at x targeted at y. Let r be any 
stopping time for r] and let rji and 772 be the flow lines of h conditional on 77 
starting at ?7(r) with initial angles vr and — vr, respectively, in the sense shown 
in the figure. If h were a smooth function, then we would have rji = 772 and 
since vr and — vr are the same modulo 27r, both paths would trace 77([0,r]) 
in the reverse direction. For the GFF, we think of rji (resp. 112) as starting 
infinitesimally to the left (resp. right) of //(r); due to the roughness of the 
field, rji and 772 do not merge into (and in fact cannot hit) ?7([0,r]). If k e 
(2, 4), then rji and 772 can hit ?7|(r,oo) and if k e (0, 2] then rji and 772 do not hit 
ri\(^T-,oo)- If K e (8/3,4), then rji can hit 772 and if k G (0,8/3] then rji cannot 
hit rj2- This, in particular, explains why the yellow and red curves of Figures 



1.13-1.15 do not trace each other. 



either rjL or rjR. These results are described in more detail in Section 7.4.3 



(One version of this statement also appears in |Dub09bl Section 8], where it 
is called "strong duality".) We will also describe the law of rj' conditioned 
on the boundaries of the portions of t]' traced before and after 7/' hits a given 
boundary point. This result will be of particular interest to us in a subse- 
quent work, in which we will prove the time reversal symmetry of SLEie/^ 
processes when k e (2,4) (so that 16/k G (4,8)). 

The final result we wish to state concerns the interaction of imaginary 
rays with different angle and starting point. In contrast with the case that 
h is smooth, these rays may bounce off of each other and even merge, but 
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Figure 1.20: Suppose that h is a. GFF on H with the boundary data on the 
left panel. For each 6' G R, let rjg be the flow line of the GFF h + 6x- This 
corresponds to setting the angle of rjg to be 9. Just as if h were a smooth 
function, if 6i < 62 then rjg^ lies to the right of rjg^. The conditional law of 
h given T]g^ and rig^ is a GFF on H \ ULi % whose boundary data is shown 
above. By applying a conformal mapping and using the transformation rule 



(1.4), we can compute the conditional law of r^^j given the realization of rje-^ 
and vice- versa. That is, rjg^ given 77^^ is an SLE«;((a— 6'2x)/A — 1; {02—9i)xl ^~ 
2) process independently in each of the connected components of Hyr^g^ which 
lie to the left of rjg^. Moreover, r]Q^ given rje^ is an SLEk((6'2 — 9i)x/\ — 2; (6 + 
^ix)/-^ ~ 1) independently in each of the connected components of H \ rjg^ 
which lie to the right of rjo^. Versions of this result also hold for flow lines 
which start at different points as well as in the setting where the boundary 
data is piecewise constant (see Theorem 1.5). 



they have the same monotonicity behavior in their starting point and initial 
angle as in the smooth case. This result leads to a theoretical understanding 



of the phenomena simulated in Figures 1.2-1.5, 1.7, and 1.8 The following 



statement is somewhat imprecise (as it does not describe all the constraints 
on boundary data that affect whether the distinct flow lines are certain to in- 
tersect before getting trapped at other boundary points) but a more detailed 
discussion appears in Section [7) see also Figure 1.20 and Figure 1.21 



Theorem 1.5. Suppose that h is a GFF on H with piecewise constant bound- 
ary data. For each 6 eH and x G dH we let rjg be the flow line of h starting 
at X with angle 9. If 9i < 92 and xi > X2 then rf^^ almost surely stays to the 
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Figure 1.21: Numerical simulations which depict the three types of flow line 



interaction, as described in the statement of Theorem 1.5 In each of the 
simulations, we flxed < Xi in [— 1 — i, 1 — i], 6*1, 6*2 G R, and took tiq^ (resp. 
77^2) to be the flow line of a projection of a GFF on [—1, 1]^ to the space of 
functions piecewise linear on the triangles of a 300 x 300 grid starting at xi 
(resp. X2) with angle 61 (resp. 62) ■ 
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right of If di = 62, then rjg^ may intersect rjg^ and, upon intersecting, 
the two curves merge and never separate. Finally, if 62 + tc > 9i > 62, then 
r]g^ may intersect rjg^ and, upon intersecting, crosses and possibly bounces off 
of rjg^ but never crosses back. 



The monotonicity component of Theorem 1.5 (i.e., the fact that rjg^ al- 
most surely stays to the right of r/g^) will be first proved in settings where 
Voi ! Ve2 aliiiost surely do not intersect dH after time (and have the same 
starting point) in Section |5} In Section [7| we will extend this result to the 
boundary intersecting regime and establish the merging and crossing state- 
ments. We will also explain in Section [6] and Section [7] how in the setting 



of Theorem 1.5 one can compute the conditional law of r]Q^ given t]q^ and 



vice- versa (see Figure 1.20 for an important special case of this). 

Note that the angle restriction < ^1 < ^2 + is also the one that allows 
the Euclidean lines to cross (i.e., would allow for rjo^ to cross from the left 
side of rjoi to the right side if h were constant). Although we will not explore 
this issue here, we remark that it is also interesting to consider what would 
happen if we took 9i > 6*2 + tt. It turns out that in this regime extra crossings 
can occur at points where both paths intersect R, which is somewhat more 
complicated to describe. 

1.5 Outline 

The remainder of this article is structured as follows. In Section [2| we will 
prove the existence and uniqueness of solutions to the SLE^{p) equation 



(1.10), even with force points starting at ,0"*". We will also show that 



solutions to (1.10) are characterized by a certain martingale property. Next, 
in Section [3} we will review the construction and properties of the Gaussian 
free field which will be relevant for this work. The notion of a "local set," first 
introduced in |SS10j . will be of particular importance to us. In Section |4| we 
will give a new presentation of Dubedat's proof of SLE-duality — that the 
outer boundary of an SLEi6/k process is described by a certain SLE^ process 
for K G (0,4). Following Dubedat, we explain how this result (and a slight 



generalization) implies Theorem 1.2 for flow lines which are non-boundary 



intersecting. The purpose of Section [5] is to establish the monotonicity of 



flow lines in their initial angle and to prove Theorem 1.4 — that the range of 
an SLE16/K trace can be realized as a light cone of points which are accessible 
by angle restricted SLE^ trajectories, n e (0,4) — in a certain special case. 
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Then, in Section [6} we will prove a number of technical estimates which 
allow us to rule out pathological behavior in the conditional mean of the 
GFF when multiple flow and counterfiow lines interact. Finally, in Section [7] 
we will complete the proofs of our main theorems. 



2 The Schramm- Loewner Evolution 
2.1 Overview of SLE^ 

SLEk is a one-parameter family of conformally invariant random curves, in- 
troduced by Oded Schramm in |SchOO] as a candidate for (and later proved to 
be) the scaling limit of loop erased random walk |LSW04j and the interfaces 
in critical percolation |Smi01l ICNOGj . Schramm's curves have been shown so 
far also to arise as the scaling limit of the macroscopic interfaces in several 
other models from statistical physics: [Smiini ICSl ISSHKl ISSCM IMillOb] . More 
detailed introductions to SLE can be found in many excellent survey articles 
of the subject, e.g., |Wer04[ [LawOSj . 

An SLEk in H from to oo is defined by the random family of conformal 



maps gt obtained by solving the Loewner ODE (1.6) with W = ^J~k,B and B 
a standard Brownian motion. Write i^t := G H : t(^z) < t}. Then gt is a 
conformal map from := H \ Kt to H satisfying lim|2|_j.oo \gt{z) — z\ =0. 

Rohde and Schramm showed that there a.s. exists a curve t] (the so-called 
SLE trace) such that for each t > the domain of gt is the unbounded 
connected component of H \ 77([0,t]), in which case the (necessarily simply 
connected and closed) set Kt is called the "filling" of 77([0,t]) jRS05] . An 
SLEft connecting boundary points x and y of an arbitrary simply connected 
Jordan domain can be constructed as the image of an SLE^ on H under a 
conformal transformation : H — t- D sending to x and oo to y. (The choice 
of does not affect the law of this image path, since the law of SLE^ on H 
is scale invariant.) 

2.2 Definition of SLE^{p) 

The so-called SLEk(p) processes are an important variant of SLE^^ in which 
one keeps track of additional marked points. Just as with regular SLE^, 
one constructs SLEk(p) using the Loewner equation except that the driving 



function W is replaced with a solution to the SDE (1.10). The purpose of 
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this section is to construct solutions to (1.10) in a careful and canonical way. 
We will not actually need to think about the Loewner evolution on the half 
plane for any of the discussion in this subsection. It will be enough for now 
to think about the Loewner evolution restricted to the real line. 

We first recall that the Bessel process of dimension 6 > 0, also written 
BES*^, is in some sense a solution to the SDE 

dXt = dBt+^—^dt, Xo>0. (2.1) 
ZAt 

A detailed construction of the Bessel process appears, for example, in Chapter 



XI of |RY99j . We review a few of the basic facts here. When S > 1, (2.1) 
holds in the sense that Xt is a.s. instantaneously reflecting (i.e., the set of 
times for which = has Lebesgue measure zero) and a.s. satisfies 

Xt = Xo + Bt+ / ^r^ds, Xo > 0. (2.2) 



In particular, assuming S > 1, the integral in (2.2) is finite a.s. so that X^ is 
a semi- martingale. The solution is a strong solution in the sense of [RY99j . 
which means that Xt is measurable w.r.t. the filtration generated by the 
Brownian motion Bt. The law of Xt is determined by the fact that it is a 



solution to (2.1) away from times where Xt = 0, instantaneously reflecting 
where Xt = 0, and adapted to the filtration generated by Bt. 



Regardless of 6, standard SDE results imply that (2.2) has a unique solu- 



tion up until the first time t that Xt = 0. When S < 1, however, (2.2) cannot 



hold beyond times at which Xt = without a so-called principle value cor- 



rection, because the integral in (2.2) is almost surely infinite beyond such 
times (see |She09t Section 3.1] for additional discussion of this point). Bessel 
processes can be defined for all time whenever S > but they are not semi- 
martingales when S G (0, 1). For this paper, it turns out not to be necessary 
to consider settings that require a principle value correction. We may always 
assume that either 5 > 1 or that 6 < 1 but we only consider the process up 
to the first time that Xt reaches zero. 
Fix a value p > —2 and write 

^ = i + *±^, 



noting that 5 > 1. Let Xt be an instantaneously reflecting solution to (2.1) 
for some Xq = xq > 0. We would like to define a pair Wt and V^^ that solves 
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the SDE (1.10) with Wq = and some fixed initial value Vq^ = > 0. To 



motivate the definition, note that (1.10) formally implies that the difference 



y^R — Wt solves the same SDE as ^/K,Xt, away from times where it is equal 
to zero. Thus it is natural to write 

V/' = xl^+ [ -^ds, 
Jo yf^^s 

Wt = V/" - ^Xt, . (2.3) 
The standard definition of (single-force-point) SLEk(p) is the evolution driven 



by the Wt defined in (2.3) 



Let us now extend the definition to the multiple-force-point setting. Al- 
though the definition is straightforward, we have not found a construction 
of the law of multiple-force-point SLE in the literature that applies in the 
generality we consider here. There are some minor technicalities that arise 



when solving the SDE (1.10) that do not seem to have been fully addressed 
previously. One definition of SLEk(p) in the case of two force points, one left 
and one right, both starting at zero (constructed by continuously rescaling 
so that the force points stay at and 1 and using a time change to reduce 
the problem to a one-dimensional diffusion) appeared in |SS09] . and it was 
shown that when k = 4 the process defined this way is a scaling limit of dis- 
crete GFF level lines with certain boundary conditions. However, |SS09j did 
not provide a general-K explanation of the sense in which the definition was 
canonical. One could worry that subtle changes to the way that the process 
gets started, or the way the process behaves when force points collide with 
Wt, could lead to different but equally valid definitions of SLEk(p). 

Definition 2.1. Let Bt be a standard Brownian motion. We will say that the 
processes Wt and V/''' describe an SLEk(p) evolution corresponding to Bt (up 
to some stopping time) if they are adapted to the filtration of Bt and the 
following hold (up to that stopping time): 



1. The processes Wt, Vt , and Bt satisfy (1.10) on time intervals on which 



Wt does not collide with any of the V/'''. 

2. We have instantaneous refiection of Wt off of the V^''^, i.e., it is almost 
surely the case that for Lebesgue almost all times t we have Wt ^ V^*'^ 
for each q and i. 

3. We also have almost surely that Vl''^ = x*'"^ + f* —rr — ds for each q 
and i. 
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In a sense, all three conditions would follow from the integral form of 



(1.10), but it will be convenient to treat them separately. The definition 
stated above is motivated by but does not make any reference to Loewner 
evolution. 

Once we are given the first two conditions. Condition |3] rules out extra- 
neous "local time pushes" that might be made to both Wt and V/'^ processes 
on the set of collision times. Condition [s] actually implies Condition |2] (since 
instantaneous reflection is required in order for the integral in Condition [3] to 
be defined). We will use the term SLEk(p) to describe the Loewner evolution 
Qt driven by Wt-, or the trace of this flow line (which we will eventually prove 
to be a continuous path almost surely). 

We allow for the possibility that some of the V^*'^ may be equal to one 
another when t = or that they may merge into each other at some t > 
(and similarly for the V/'^). We define the continuation threshold to be 
the infimum of the t values for which either 

Y: P^'"<-2 or Yl P''''<-^- 

We will only construct SLEk(p) for t below the continuation threshold. 



Theorem 2.2. Given the vector p and the initial values V^''^ , Definition 2.1 

uniquely determines a joint law for Wt, Bt, and the VJ*'"^ — each defined 
for all t up to the continuation threshold. Under this law, the values Wt, Bt, 
and Vt''' taken together are a continuous multidimensional Markovian process 
indexed by t. 



Proof. When there is only a single force point. Theorem 2.2 follows from 



standard facts about Bessel processes (see Chapter XI of |RY99j : recall also 



(2.3)) and the definition coincides with the standard definition of SLEk(p). 

If there are multiple force points but all of the Vq'^ are non-zero except 
for one (without loss of generality, we may suppose that only Vq^'^ is possibly 
zero) then one can obtain existence of a process with the properties above, 
defined up until the first time that one of the other force points collides with 
Wt, using a Girsanov transformation (see the discussion of Girsanov's Theo- 
rem, e.g., in |KS91l [RY99] ) applied to the standard one-force-point SLEk(/9) 
that one would obtain if Vq'^ were the only force point. Girsanov's theo- 
rem applies because the remaining force points introduce a smooth drift to 
the Brownian motion, and the new process obtained is absolutely continuous 
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with respect to the one-force-point process (as long as one stops at a bounded 
stopping time that occurs before Wt gets within some fixed constant distance 
of one the other force points). 

One can also reverse this procedure (starting with a process defined for 
multiple force points and applying Girsanov's theorem to produce the process 
corresponding to one force point). If there were multiple possibihties for the 
joint laws of the Wt, Bt, and V^''^ in the multiple-force-point case, then this 
would produce multiple possibilities for the joint laws in the single-force-point 
case, contradicting what we have already established. 

This gives us existence and uniqueness of the law up until the first time 
that one of the other fovce points (besides V^'^) hits Wt- When this happens, 
one can use this other force point in place of Vq'^ (or if this other point is on 

1 Ft 

the right, it will have merged with Vq ' and one can subsequently treat the 
two force points together) and continue until a force point other than this 
new one is hit. Iterating this process uniquely defines the law all the way up 
to the continuation threshold. (To check this formally, one has to rule out 
the possibility that infinitely many of these iterations may occur in a finite 
period of time. Since there are only finitely many force points, the number 
of times at which two right force points merge, or two left points merge, is 
finite. Thus, one needs only to check that it takes an infinite amount of 
time almost surely for Wt to alternate between hitting a left force point and 
hitting a right force point infinitely often, which is a simple exercise, given 
that the V^'^ are decreasing in time while the V^'^ are increasing.) 

The only remaining case to treat is the possibility that there are two force 
points immediately to the left and right of the origin at time zero. Let us 
first consider the case that these are the only two force points. We then need 
to construct a triple of processes F/'^ < Wt < V/'^ starting at zero. The 
hypotheses imply that in any such construction, we cannot have equality 
of all three processes at any positive time. Thus, if we know the processes 
up to any positive time, then the results above imply that the law of the 
continuation is uniquely determined thereafter. In a sense, the problem is 
figuring out how to "get the process started" . Since both force points start at 
the origin, we will be able to use scale invariance to help us deduce existence 
and uniqueness of the law. 

As an alternative warm-up problem, suppose we start the process off at 
time zero with Vq'^ — —1 and Wq — and Vq'^ — 1. The previous discussion 
yields existence and uniqueness of the law in this case. Let R be the set of 

I 1 Z/ 1 /2 1 

values r for which there exists a t such that e'^ — \ Vt' —Wt\ — \Wt — Vt' \. 
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Then i? is a subset of [0, oo) that contains 0. By scale invariance and the 
Markovian property, R has a certain renewal property: namely, for each fixed 
a, we have that conditioned on a' = inf{i? fl [a, oo)}, the conditional law of 
R n [a', oo) is the same as the original law of R translated by a' units to the 
right. 

Moreover, we claim that the expectation of |a' — a| is bounded indepen- 
dently of a. In fact, we claim a stronger result: namely, given any choices 

1 7j 1 /? 

for ' and ' and Wt at a fixed starting time t, the expected value of 
log . a,l~Ji,r\ (i-e., the amount that the log distance between the force points 

changes between times t and r), where r is the smallest value greater than t 
satisfying \V^''" — Wr\ = \Wr — V^'^\, is at most some fixed constant. This 
follows from the fact that, no matter where the force points begin at some 
fixed starting time, there is a constant probability that Wt will be exactly 
between those two force points before the distance between them doubles. It 
is enough to show this for the case worst case in which Wt starts out equal 
to one of the two force points, and this follows from absolute continuity with 
respect to Bessel processes. 

The above implies that there is a Levy measure u such that the sequence 
of gaps can be described by a Poisson point process on R x z/. Given a and 
the largest value a" in (— oo, a] fl R, the law of a' — a" is given by the measure 
u restricted to the interval (a — a', oo), and normalized to be a probability 
measure. The finite expectation argument above implies that J^°° rdvir) < oo 
for any 6 > 0. Now a natural way to construct the SLEk(p) process is to 
take a very negative value r and start the process with V^"^ = — e*", Wq = 0, 
and Vq'^ = e^. Taking the limit as r — )• 0, the law of the corresponding sets 
R (and of the entire triple of processes V^'^, Wt, V^^'^) converges to a limit. 
One can show this by considering two very small values r and r', generating 
corresponding sets R and R', and arguing that there is some smallest r" which 
is very close to a point in each of R and R' (within some 6 distance, say). 
One can find the smallest such point and couple R and R' to be translations 
of each other (by an amount less than S) ever after; by scale invariance, one 
can take the corresponding Vt^'^, Wt, Vf^"^ processes (after the corresponding 
small times) to be rescalings of each other by a factor close to 1. Since S can 
be made arbitrarily small, this shows both existence of a limit and the fact 



that there is a unique process satisfying the hypotheses of Definition 2.1 



The extension from two force points (both at the origin) to many force 
points (two at the origin) is the same Girsanov argument given above. □ 
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Remark 2.3. Suppose that r] is an SLE^{p^; p^) process where J2i=iP^''^ — 
I — 2 for all 1 < j < Ip'^'I and q G {L,R}. Assume further that x^'^ < 
< x^'^. Then r] is almost surely a continuous curve because its law is 
mutually absolutely absolutely continuous with respect to the law of an SLE^ 
process (with no force points) up to every fixed time t. The reason is that, 
in this case, a comparison with Bessel processes implies that Wt 7^ V^*'*^ for 
all 1 < i < Ip'^I and q G {L,R}, so one can compute the Radon-Nikodym 
derivative explicitly using Girsanov's theorem. Moreover, rj is almost surely 
continuous even if x^'^ = 0~ and x^'^ = O"*", the reason being that we can 
apply the same Girsanov argument to ?7|[s,t] for every < s < t. We will use 
this fact repeatedly, often without reference, throughout the article. 



2.3 Martingale characterization of SLEk(/o) 

The SLEk(p) processes are singled out by the following martingale charac- 
terization, which we will use repeatedly. A version of this result for SLE^ 
(p = 0) appears in |Dub09bt Section 7.2]. Our proof is more general and 
more detailed than the argument in |Dub09b] . but the idea is similar. 

If we are given any process Wt with Wo = we can define the Loewner 
evolution gt. If we are also given a set of points x^'^ < and x^'^ > then 
we can define processes V^'"^ such that if x^''^ has not yet been absorbed by 
the Loewner hull Kt then V^"'^ = gt{x^''^)i and otherwise x^'^ (resp., x^'^) is 
the gt image of the left (resp., right) endpoint of i? fl Kt- 

Theorem 2.4. Suppose we are given a random continuous curve t] on H 
from to 00 whose Loewner driving function Wt is almost surely continuous. 
Suppose that x^''^ and p'''^ values are given and that the V^"''' are defined to be 
the images of the x^'"^ under the corresponding Loewner evolution (as described 
just abov e). L et i)t be the corresponding harmonic function in the statement of 



Theorem 1.1. Then Wt and the V/''^ can be coupled with a standard Brownian 
motion Bt to describe an SLEk(p) process (up to the continuation threshold) 
if and only if[)t{z) evolves as a continuous local martingale in t for each fixed 
z G H until the time z is absorbed by Kt. 

Proof. That i)t evolves as a continuous local martingale if Wt and V^''^ corre- 
spond to an SLEk(p) can be seen by applying Ito's formula (away from times 
when Wt collides with a force point). Using the fact that when Wt collides 
with a force point, the difference between Wt and that force point evolves in 
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a way that is absolutely continuous with respect to a Bessel process. This in 
turn implies that the total change to the Vjl''^ that takes place during time 
intervals for which Wt is within 5 of a force point is a quantity that a.s. tends 
to zero as 5 tends to zero. 

Thus, we need only prove the reverse implication. We will assume that 
\)t is a continuous local martingale for each z G H and verify the conditions 
of Definition 12. II one at a time: 

Proof of Condition l| Let f)T be the harmonic conjugate of f)t. This 
is only defined a priori up to additive constant, but since the harmonic 
conjugate of arg(z) is log|2;|, we can fix the additive constant by writing 
Mt{z) := \)t{z) +i\)t{z) as follows: 

k 

- ^p^'^ log(/,(^) - - log(/,(z))+ (2.4) 

t 

Y,f^'\^ - log(/t(^) - ft{xf)) + (tt - log(/,(z))) - ^ log/;(z). 

One can show that ^t{,z) — ^t{y) is a local martingale for any fixed y and z 
by using the fact that this quantity is a linear function of f)t (representable 
as the integral of \)t times a test function) and applying Fubini's theorem. 
Taking one of these points to infinity, we find that in fact \)t and hence Mt 
is a local martingale. 

Observe that Wt is a continuous semi-martingale. Indeed, note that in the 



expression (2.4) above ft{z) — ft{x^'^) = gt{z) — gt{x^'^) and fl{z) = g't{z) are 



both different iable in t and adapted. Thus, the terms of the form log(/t(z) — 



ft{x^'^)) in (2.4) are semi-martingales (and likewise when L is replaced by R 
and for log fl{z)). Note also that Wt appears only in the term —2 \og{ft{z)) = 
—2log{gt{z) — Wt). Since the other terms are semi-martingales, this term is 
a semi-martingale, as is its exponential, which implies that Wt is a semi- 
martingale. 
Write 

Wt = Vt + mt 

where Vt is of bounded variation and rrit is a local martingale. We will next 
show that rrit is ^/K, times a Brownian motion by proving (m)^ = nt and 
invoking the Levy characterization of Brownian motion. To see this, we 
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compute the Ito derivative of (2.4). Observe 



dt ^''^ ' fliz) \ft{z)) ff{z 



Consequently, the drift of the Ito derivative of (2.4) takes the form 



2x , 4 , 2 , 1 ^ 

-dt — „ dt + dvt + „, d{m)t. 



f?{z) ft{z) ' mz) 

This has to vanish since Mt is a local martingale. Thus if we multiply through 
by ft{z) and evaluate at two different points (or simply consider points for 
which ft{z) is extremely close to zero), we see that we must have 

y - 4^ + d{m)t = 0. 

This implies {m)t = nt, as desired. Inserting this back into the formula for 
the drift and solving for Vt shows that Vt takes on the desired form. 

Proof of Condition [2} To obt ain instantaneous reflection, note that 
the set of times t at which Wt is equal to a force point is a subset of the 
set of times at which ri{t) G dH = R. It turns out that this set must have 
Lebesgue measure zero for any continuous path rj with a continuous driving 



function. This fact is stated and proved as Lemma 2.5 below. 

Proof of Condition [sj First, we know from Condition [l] that V^^'^ = 
Jo w -o '^'^ ~ some non-decreasing process It that is constant except at 
times where Wt = V^'^. We claim that It is almost surely zero. 

To prove this, consider a force point V^'^ with which Wt can collide. 
We define an interval of time (si,ti) such that Si is the first time at which 
V^'^ = Wt and ti is the first subsequent time at which \V-i^'^ — Wt\ = e. 
Inductively, we define to be the first time after tk_i at which Vt^'^ = Wt 
and then take tj. to be the first subsequent time at which \Vf^'^ — Wt\ = e. 
We consider how much the quantities V^'^, It and l)t{z) change during the 
intervals of this form that occur before a stopping time T that a.s. occurs 
before Wt hits any other force point. Fix some z and further assume that T 
is a.s. bounded by some fixed constant, that T a.s. occurs before lmgt{z)) 
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gets below some fixed positive value and also before i)t{z) a.s. changes by at 
most some fixed constant amount. 

The sum of the changes to ^ "^yi.L ds during these intervals tends to 
zero as e — )■ (simply because the integral is finite a.s. and the combined 
Lebesgue measure of the intervals tends to zero with e). Thus the overall 
sum of changes to V^^'^ during these times tends to the It change as e — )■ 0. 
Recall also that since Wt — V/'^ is absolutely continuous with respect to a 
Bessel process of dimension 5 > 1, it is almost surely the case that the sum 
of the changes to Wt — Vl'^ made during these intervals tends to zero. Thus, 
the overall sum of the changes to Wt during these intervals must also tend 
to the It change as e — > 0. Since the Lebesgue measure of the union of the 
intervals tends to zero as e — )■ 0, it follows from Loewner evolution that the 
sum of the changes made to any force point V*''^ other than Vl'^ tends to 
zero. 



1.1 



Recalling the definition of \)t (in terms of Wt and the V^*''^) in Theorem 
and the fact that \m.gt{^z) is bounded below, we find that if e is sufficiently 
close to zero, the sum of the net changes to ^ti/i) during the intervals is 
between constant non-zero-same-sign multiples of the It change (due to the 
corresponding changes to the pair Wt and V^'^ during these intervals — the 
effect from changes to other force points becomes negligible as e — )■ 0). Thus 
to prove that the amount It changes up until time T is zero, it suffices to 
prove that the sum of the net changes made to f)t(2;) during these intervals 
tends to zero as e — )■ 0. 

To this end, note that the expected size of the total change of l)t(-2) during 
these intervals is zero since f)t(2;) it is a local martingale that is bounded if 
stopped at time T (hence a martingale if stopped at time T). Moreover, 
Condition [l] implies that the quadratic variation of \)t[_z) that occurs during 
these intervals tends to zero as e tends to zero. Thus if we take a sequence 
of e values decreasing fast enough, we can arrange so that the total change 
to [)t(-z) during these intervals tends to zero almost surely. Hence the sum 
of the changes to It during these intervals tends to zero, and since It only 
changes when Wt — Vl'^ = we find that that It is almost surely constant 
up until time T. Repeating this procedure iteratively (choosing new z values 
as necessary) allows us to conclude that It is almost surely constant for all 
time. □ 

Lemma 2.5. Suppose that rj is a continuous (non-random) curve on H from 
to oo with a continuous Loewner driving function Wt- Then the set {t : 
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r){t) e R} has Lebesgue measure zero. 

Proof. First we recall a few basic facts about the half-plane capacity (which 
we will denote by heap). Let A and B and C be bounded hulls, i.e., closed 

subsets of H whose complements arc simply connected. We interpret the 
union of two hulls to include the set of points disconnected from infinity by 
that union, so that the union of two hulls is also a hull. We claim that the 
following hold: 

1. hcap(A \JB) < hcap(^) + hcap(S). 

2. hcap(A U S U C) - hcap(A U S) < hcap(A U C) - hcap(A). 

The first is seen by recalling one of the definitions of half-plane capacity: 

hcap(A) := lim sE[Imi3^*], 

s— >-oo 

where 5** is a Brownian motion started at is and r is the first time it 
hits A U R. For the second one, let : H \ A — > H be the conformal 
map normalized so that Imiz^oo Iqa^z) — z\ — Recalling the additivity of 
capacity under compositions of normalizing maps, the second claim above is 
equivalent to 

hcap(gA(S U C)) - hcap(gA(S)) < hcap(gA(^ U C)), 

which follows by applying the first claim to Qa^B) and QAiC). 

Now, to prove the lemma, it suffices to show that for each R, the set 
of capacity times at which the tip of the path hes in [—R, R\ has Lebesgue 
measure zero. The capacity of the rectangle Ss := {x + iy : —R < x < R,0 < 
y < S} tends to zero as S tends to zero. The set of times during which t] lies in 
the interior of this rectangle is a a countable collection of closed intervals. Let 
/ be the union of those intervals during which rj hits R at some point. Now 
we claim that the total half-plane capacity time elapsed during I is at most 
the capacity of the rectangle. Clearly, hcap(?7([0, t] (1 Ss)) is non- decreasing 
and bounded by hcap(S'5) for all time. The change to hcap(r7(/ fl [0,t])) 
during an interval (ti, ^2) of time for which r]{t) e Ss (and hits a point on R 
at some point during the interval) is greater than or equal to the change to 
hcap(r7([0, t])) during that time. This follows from the second property above 
if we take B — r]{[0,ti]) and A — r]{I fl [0, ti]) and C = ?7([ti,t2])- Summing 
the changes over countably many intervals, we find that the total change to 
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hcap(?7([0, if:])) during such intervals is at most the capacity of Ss- By taking 
5 — )■ 0, we find that indeed the set of capacity times at which the tip of the 
path hes in [—R, R] has Lebesgue measure zero. □ 

Ahhough we will not use it in this paper, we remark (and sketch a proof) 
that it is possible to give an alternate martingale characterization in which 
one only requires i)t{z) to be a local martingale for a single point z, but one 
requires a particular form for its quadratic variation: 



Theorem 2.6. As in Theorem \2.4\ suppose we are given a random continu- 
ous T] onH from — )■ cxd whose Loewner driving function Wt is almost surely 
continuous. Suppose further that Wt describes the evolution of a random 
continuous path, and V^''^ the image of force points under the corresponding 
Loewner evolution, and that for some fixed z Eii the correspondingly defined 
i)t{z) is given by yJH times a Brownian motion when time is parameterized 
by minus the log of the conformal radius. Then these processes describe an 
SLE^^p) evolution at least up to the first time that z is swallowed by the path. 



Proof. The proof is similar to the proof of Theorem 2^ Condition [T] follows 



from a straightforward calculation (see, e.g., |SS10j or |ShelO ] for more ex- 
planation of the log conformal radius point of view) and the other two follow 



from the arguments in the proof of Theorem 2.4 □ 



3 The Gaussian Free Field 

3.1 Construction and Basic Properties 

We will now describe the construction of the two-dimensional GFF as well 
as some properties that will be important for us later. The reader is referred 
to |She07j for a more detailed introduction. Let D be a domain in C with 
smooth boundary and let C^{D) denote the set of C°° functions compactly 
supported in D. 

We let H{D) be the Hilbert-space closure of C^{D) equipped with the 

Dirichlet inner product: 

{f,9h = ^j^ ^/(^) ■ V^?(x)rfx for f,g E C^{D). 
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The GFF h on D can be expressed as a random hnear combination of an 
(-, )v-orthonormal basis (/„) of H{D) 

/i = ^ a„/„, (a„) i.i.d. A^(0, 1). 

n 

Although this expansion of h does not converge in H{D), it does converge 
almost surely in the space of distributions or (when D is bounded) in the 
fractional Sobolev space H~''{D) for each e > (see |She07t Proposition 2.7] 
and the discussion thereafter), li f,g ^ C^{D) then an integration by parts 
gives {f,g)v = —{f,Ag). Using this, we define 

{hJh = -{h,Af)ioTfeC^{D). 

Observe that {h, /)v is a Gaussian random variable with mean zero and 
variance (/, /)v- Hence h induces a map C^{D) Q, Q a. Gaussian Hilbert 
space, that preserves the Dirichlet inner product. This map extends uniquely 
to H{D) and allows us to make sense of {h, /)v for all / G H{D) and, 
moreover, 

Cov((/i,/)v, {h,g)^) = U\g)v for all f,ge H{D). 

Suppose that W ^ D with W D is open. There is a natural inclusion 
i of H{W) into H{D) where 



^(/)(^) 



f{x) iixeW, 
otherwise. 



If / G C^iW) and g G C^iD), then as (/,^)v = -(/,A^) it is easy to 
see that H{D) admits the (■, ■)v-orthogonal decomposition H(W) © H^(W) 
where H-^{W) is the set of functions in H{D) harmonic on W. Thus we can 
write 

h u \ u \^ fW I sr^ w'^ rw 
h = hw + nw- = 2^ a„ Jn +2^ "n L 

n n 

where (a^), {a^") are independent i.i.d. sequences of standard Gaussians 
and (/^), if^'^) are orthonormal bases of H{W) and H^{W), respectively. 
Observe that hw is a GFF on W, hw the harmonic extension of h\dw to W , 
and hy/ and hw^ are independent. We arrive at the following proposition: 
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Proposition 3.1 (Markov Property). The conditional law of h\w given 
h\D\w is that of the GFF on W plus the harmonic extension of h\gw to 
W. 

We remark that the orthogonahty of H{W) and the set of functions in 
H[D) which are harmonic on W is also proved in |She07l Theorem 2.17] and 
it is explained thereafter how this is related to the Markov property of the 
GFF. The proposition allows us to make sense of the GFF with non-zero 
boundary conditions: if / : dD — )■ R is any function that is with respect 
to harmonic measure on dD viewed from some point (hence every point) in 
D, and F is its harmonic extension from dD to D, then the law of the GFF 
on D with boundary condition / is given by the law of F + h where h is 
a zero boundary GFF on D. We finish this subsection with the following 
proposition, which describes the absolute continuity properties of the GFF. 

Proposition 3.2 (Absolute Continuity). Suppose that Di,D2 are simply 
connected domains with Did D2 ^ 0. For i = 1,2, let hi be a zero boundary 
GFF on Di and Fi harmonic on Di. Fix a bounded simply connected open 
domain U C Z^^ fi Z^2- 

(a) (Interior) If dist{U, dDi) > for i = 1,2 then the laws of {hi + Fi)\jj 
and (/i2 + F2)\u are mutually absolutely continuous. 

(b) (Boundary) Suppose that there is a neighborhood U' of the closure U such 
that n t/' = Z?2 n U' , and that Fi — F2 tends to zero as one approaches 
points in the sets dDi fl U' . Then the laws of {hi + Fi)\u and (/12 + F2)\u 
are mutually absolutely continuous. 



Although Proposition 3.2 is stated in the case that U is bounded, an 
analogous result holds when U is not bounded. We will in particular use 
this result in the following setting without reference: Di = D2 = D and 
there exists a conformal transformation ip: D D w here D is bounded and 



U = '^{U) satisfies the hypotheses of Proposition 3.2 part (|a]) or part (|b]). 



Proof of Proposition 3^. We will explain the proof of part (|a]); the proof of 



part (|b]) is very similar. Let U C Di n D2 he such that dist (?7, dDj) > 



3.1 



we can write 



for i = 1,2, U C U, and dist{U,dU) > 0. By Proposition 
{hi + Fi)\u = {hi + Fi)^ + {hi + Fi)^'' where {hi + Fi)^ is a zero boundary GFF 
on U and {hi + Fi)^" is harmonic on U, both restricted to U. This implies 
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[hi + Fi)\u = (/i2 + F2)\u + g conditional on {hi + Fi)\^^, {h2 + F2)\fjc where 
g G C^{D). The resuh now follows since reweighting the law of {hi + Fi)\jj 
hy Z~^exp{-{{hi + Fi)\fj,g)^) yields the law of {hi + Fi)\^ + g. □ 



We remark that a slight variant of Proposition |3.2| is stated and proved 
in |SS10[ Lemma 3.2] in the case that one considers the law of the GFF on 
disjoint closed subsets. 

Remark 3.3. Suppose that h is a GFF on a domain D, and / G C^{D). As 



in the proof of Proposition 3.2 , we know that reweighing the law /i of /i by 
exp(— (/i, /)v) yields the law fif oi h + f. Consequently, the Cauchy- 
Schwarz inequality implies that yu(-E') < /ij^^(-E') exp(||/||y) for every event 
E. The same holds if we reverse the roles of /i and fif. More generally, if we 
apply Holder's inequality, we have that /i(-E') < jj,^j^{E)exp{^\\f\\'^) where 
^ + ^ = 1. These simple facts allow us to give explicit bounds which relate the 



probabilities of events in the setting of parts (|a]) and (|b]) of Proposition 3.2 



For example, suppose that D = Di = D2 is a Jordan domain and L is an 
interval in dD. Suppose that hi and /12 are GFFs on D with /ii|a_D\L = 
h2\dD\L and I/^iIlI < M, \h2\L\ < M for some constant M > 0. Let F be the 
function which is harmonic in D with -F|aD\L = and F\l = h2\L — 

Then hi + F = h2. Let U be the set of points in D which have distance 
at least e > from L and let G be the function which agrees with F in U , 
is on the set of points with distance at most |e from dD, and otherwise 
harmonic. Then there exists C > depending only on M, e such that 
||G^|lv — ^ ■ Moreover, with /ig the law of /ii + G restricted to [/, we have 
that h2\u ~ /^G- Thus with /i the law of hi\u-, for each p > 1 there exists a 
constant Cp > depending only on M,D,e such that fi{E) < CpfiQ^{E) for 
all events E. 



3.2 Local Sets 

The theory of local sets, developed in |SS10] , extends the Markovian structure 
of the field (Proposition 3.1) to the setting of conditioning on the values it 
takes on a random set A (1 D. More precisely, suppose that {A, h) is a 
coupling of a GFF h on D and a random variable A taking values in the 
space of closed subsets of D, equipped with the Hausdorff metric. Then A is 
said to be a local set of h |SS10^ Lemma 3.9, part (4)] if there exists a law on 
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pairs {A, hi) where hi: D H with harmonic is such that a sample 

with the law {A, h) can be produced by 

1. choosing the pair {A, hi), 

2. then sampling an instance /i2 of the zero boundary GFF on D\A and 
setting h = hi + h2. 

There are several other characterizations of local sets which are discussed in 
[S.SlOi Lemma 3.9], the most important of which for us is contained in the 
following lemma. 

Lemma 3.4. We have that A is a local set for h if and only if the follow- 
ing is true. For every deterministic open U C D, we have that given the 
orthogonal projection of h onto H^{U), the event AnU = ^ is independent 
of the orthogonal projection of h onto H{U). In other words, the conditional 
probability that AdU = given h is a measurable function of the orthogonal 
projection of h onto H-^{U). 

Proof. This is the first characterization of local sets from |SS10[ Lemma 
3.9]. □ 

Observe that in the coupling (77, h) of Theorem |L1| 77 is a local set of h. 
Deterministic closed sets are also obviously local. These are the motivating 
examples for the theory. 

One important property of local sets is that given local sets Ai and A2, the 
conditionally independent union A1UA2 (defined in the proposition statement 



below) is also local |SS10l Lemma 3.10], see Figure 3.1 



Proposition 3.5. Suppose h is a GFF and Ai, A2 are random closed subsets 
of D and that {Ai, h) and {A2, h) are couplings for which Ai and A2 are local. 
Let A = A1UA2 denote the random closed subset of D which is given by first 
sampling h, then sampling Ai,A2 independently from their conditional laws 
given h, and then taking the union of Ai and A2. Then A is also a local set 
ofh. 

We say that a local set A of h is almost surely determined by h if there 
exists a modification of A which is (T(/z)-measurable. Many of the local sets 
we will work with in this article will be almost surely determined by the 
corresponding GFF, in which case the conditionally independent union is 
almost surely the same as an ordinary union. 
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V{[0:r]) 




Figure 3.1: Proposition 3^ allows us to extend Theorem LI to the setting of 
multiple SLE-related paths by taking their conditionally independent union. 
The illustration depicts a zero-boundary GFF plus an unspecified harmonic 
function ip coupled with two SLE processes rj, rj (possibly with different k 
values) emanating from distinct points x,x & dH. If r, r are ri,rj stopping 
times, respectively, then the field given ri{[0, t]), ?7([0, r]) is the sum of a zero 
boundary GFF and a harmonic function, whose boundary values are given 
above. One can also change the angle of one or both paths by adding a 
constant to the boundary conditions along that path. It is not obvious a 
priori what the boundary conditions should be at locations where the paths 
intersect (we will treat this issue systematically in Section [6| . 



For a given local set A, let Ca denote the orthogonal projection of h onto 
H^{D \ A), i.e. the space of functions harmonic off of A. We can interpret 
Ca as the conditional expectation of h given A and h\A- The following propo- 
sition (see [SSlOj Lemma 3.11]) allows us to estimate Ca-^\jA2 ^^^^ connected 
components of Ai \ A2 and Ai fl A2 which consist of more than a single point 
in terms of Ca^- 

Proposition 3.6. Let Ai,A2 be connected local sets. Then C^^uyi2 ~ 
is almost surely a harmonic function in D \ {A1UA2) that tends to zero on 
all sequences of points in D \ {A1UA2) that tend to a limit in a connected 
component of A2 \ Ai (which consists of more than a single point) or that 
tend to a limit on a connected component of Ai r\A2 (which consists of more 
than a single point) at a point that is a positive distance from either Ai \ A2 
or A2\Ai. 
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Propositions 3.5 and 3.6 allow us to extend Theorem 1.1 to the setting 
of coupling multiple SLEs with the free field by taking their conditionally 



independent union (once Theorem 1.2 is established, we can replace the con- 
ditionally independent union with a usual union). Figure 3.1 contains an 



illustration of this result in the case of two (counter)fiow lines of the same 
field emanating from different points. See |Dub09bt Lemma 6.1 and Theorem 
6.4] for another approach to constructing couplings with multiple SLEs. 

Proposition 3.7. Suppose A^^Ai are connected local sets which are condi- 
tionally independent given h. Suppose that C is a a (Ai) -measurable con- 
nected component of D \ Ai such that C (1 A2 = almost surely. Then 
CaiuA2\c = Cai\c almost surely, given Ai. In particular, h\c is independent 
of the pair (/i|_D\C5 ^2) given Ai. 



Proof. This follows from the same proof as Proposition 3^, which is given 
in [sklnl Lemma 3.11]. □ 

A simple example of the type of application we have in mind for Propo- 
sition |3]7] is the following. Suppose that /i is a GFF on H and 771, 772 are flow 
lines of h starting from which intersect dH only at {0}. Suppose further 
that ?72 almost surely lies to the left of r/i. Then Proposition 3.7| implies that 
the restriction of h to the left side side of H\?72 is independent of the pair con- 
sisting of the restriction of h to the right side of H \ 772 and t]i, conditionally 
on r]2. 



4 Dubedat's argument 

This section will present the argument from |Dub09a[ IDubOQbj to establish 



Theorem L2 for k < 4 with some particular boundary conditions. One of 
its nice features is that it simultaneously establishes a particular case of so- 
called Duplantier duality: that the ofuter boundary of a certain SLEiQ/^{p) 
process is equal in law to a certain SLEk(p) process. Indeed, we find that 
the left and right boundaries of a counterfiow line corresponding to a given 
h are almost surely flow lines for the same h. Our exposition (the interpre- 
tations, illustrations, and geometric point of view) is rather different from 
what appears in |Dub09at IDubOQbj . but the basic argument is the same. We 
will also explain how duality implies the transience (continuity upon exiting) 
of certain non-boundary intersecting flow lines (see |RS05j for an alternative 
approach to proving the transience of SLE). 
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When following the illustrations, it will be useful to keep in mind a few 
definitions and identities: 



A := 



TT 



K 



16 

K ' 



TT 



K 
4 



A < A, X--- 



K 



27rx = 4(A-A'), A' = A - , 
27rx = (4 - k)\ = (k - 4)A'. 



(4.1) 

(4.2) 
(4.3) 



Throughout, we shall assume that n G (0,4) so that k' G (4, oo). Each 
of A, A', and x is determined by k through ( |4.1 ) and is positive. We will 
frequently go back and forth between these four values using the identities 



above. To interpret (4.2), recall that an angle change of 9 corresponds to a 



change of 9x in the value of the field. 
A — A' corresponds to "a ninety-degree turn to the left' 



Thus (|4.2|) says that the difference 
in the imaginary 



geometry, which will frequently be useful. (This fact was already illustrated 
in Figure 1.9 ) Recall also from Theorem |1.1| that a force point of weight p 



corresponds to a jump of size pX in the boundary values. Thus (4.3) implies 
that a gap of size 2ttx (a "full revolution" gap) corresponds to a p value 
of (4 — k). More generally, a 6x gap in boundary values corresponds to 

4.1 Critical heights for boundary intersection, path 
continuation 

We begin by observing some basic facts about SLEk(p) processes, which 
tell us what kinds of boundary segments the flow and counterfiow lines of 
Theorem |1.1| can intersect. Throughout, we let iS = R x (0, 1) C C be 
an infinite horizontal strip and we decompose dS into its lower and upper 
boundaries 9^5 = (— oo, oo) and duS = (— oo, oo) + i, respectively. 

Remark 4.1. Throughout this and the next subsection, we will often make the 
assumption that the boundary data of h on OlS is at most — A + vrx to the left 
of and at least A — tix to the right of 0. The significance of this assumption 
is that, by Remark 2.3 and absolute continuity (the Girsanov theorem), it 



implies that the flow line rj of h is almost surely a continuous path, at least 
until it accumulates in duS. Moreover, by |Dub09a[ Lemma 15], it implies 
that r] must accumulate either in du<S or at ±oo before accumulating in 



OlS after time (and upon proving Theorem 1.3, we will later be able to 
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i'iv) 



-A' 



A' 



:i+p)A 




Figure 4.1: Suppose that h is a GFF on S whose boundary data is as 
depicted on the right side. Then the flow hne r] oi h shown has the law 
of an SLEk(p) process in S from to +00 where the force point is located 
at —00. To see this, \ei ip: S — )■ H be the conformal map which fixes 0, 
sends —00 to —1, and +00 to 00. Then h o ip~^ — xarg('?/)~-^)' is a GFF 
on H whose boundary data is depicted on the left side. Given the path, 
the expectation of the field (in the Theorem |1.1| coupling) is the harmonic 
extension of the given values on R and ±A' + x ' winding on the curve, 
as in Figure 1.9 The critical p for ip{T]) to be able to intersect {—00, — 1) 
before reaching 00 is po = k/2 — 2. This implies that 77 accumulates in the 
upper boundary djjS or at —00 before +00 if and only if p < k/2 — 2, i.e., 
a > — (l + po)A — = —{k/2 — 1)X — 7ix = —A, and otherwise it accumulates 
at +00 without hitting duS. (Recall that 2ttx = (4 — k)A.) Symmetrically, it 
accumulates in duS or at +00 before —00 if and only if a < A, and otherwise 
it accumulates at —00 without hitting duS. The same result also holds when 
the boundary data on d^S is piecewise constant, changes values a finite 
number of times, and is at most — A + ttx to the left of and at least A — ttx 



to the right of (see Remark 4.1). Furthermore, the analogous statement 
holds when 77 is replaced by an SLE^' counterfiow line, A is replaced by A', 
and X is replaced by — x- 



show that it actually never accumulates in diS after time 0). This will be 
important for the results explained in this section because |Dub09a[ Lemma 
15] only gives us information regarding the first force point disconnected by 

V- 

Remark 4.2. All of the results of this subsection are applicable both to 77 ~ 
SLEk(p) and rj' ~ SLEk'(p). In the case of the latter, the boundary data is 
given as in the statement of Theorem |1.1| (the boundary data is —A' to the 
left of rj' and A' to its right) to make the lemma statements consistent for 
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SLEk and SLE^' processes. In this case, the condition that imphes that 77' 
does not hit diS is that the boundary data for h should be at most — A' — ttx 
to the left of and at least A' + vrx to the right of 0. In Section 4^, we 
will apply these results to rj' ~ SLE^' where rj' is coupled with — /i as in the 



statement of Theorem 1.1, so the boundary data is reversed. 




Figure 4.2: In the setting of Figure 4J^, the flow line behavior depends on a. 
Curves shown represent a.s. behaviors corresponding to the three different 



regimes of a (indicated by the closed boxes). From Figure 4.1, the path hits 
the upper boundary of the strip a.s. if and only if a G (—A, A). When a > A, 
it tends to —00 (left end of the strip) and when a < —A it tends to 00 (right 
end of the strip) without hitting the upper boundary. These facts also hold 
whenever the boundary data of h on diS is piecewise constant, changes only 
a finite number of times, and is at most —A + tcx to the left of and at least 



A — TCX to the right of (see Remark 4.1). The same statement holds when 



T] is replaced by an SLE^' process, A is replaced by A' and x is replaced by 



-X (see Remark 4.2). 



Lemma 4.3. Suppose that h is a GFF on the strip S whose boundary data 
is as depicted in Figures 4-l\4-^ ^'^^ 77 he the flow line of h starting at 0. 
If a > X, then t] almost surely accumulates at —00 and if a < —A, then rj 
almost surely accumulates at +00. In both cases, rj almost surely does not hit 
duS. If a & (—A, A), then rj almost surely accumulates in duS . If, moreover, 
a > —A + (resp. a < X — irx), then rj can be continued when it is targeted 
toward —00 (resp. +00) — i.e., the continuation threshold is not reached in 
this case when rj first accumulates in duS. This holds more generally when 
the boundary data on d^S is piecewise constant, changes only a finite number 
of times, and is at most — A + vrx to the left of and is at least X — ttx to 
the right ofO (see Remark ^.l). Furthermore, the analogous statement holds 
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for SLEk' processes when A is replaced by X' and x is replaced by — x (see 



Remark 4-2) 



Remark 4.4. If it happens that —A + ttx < a < X — ttx, then, after the 
path first hits duS, it is possible to branch the path and continue it in both 
directions (both toward — oo and toward +00). Since 

-A + = -A + (4 - k)X/2 = A(l - k/2), 

there exists a values for which this is possible whenever k > 2. 

Proof of Lemma \4.3\ Let p G R be such that a = — (l + p)A — ttx and let 
ip: S —7- H be the conformal transformation which sends to 0, —00 to 



— 1, and +00 to 00. Then the transformation rule (1.4) implies that ipirj) 
is an SLEk(p) process in H from to 00 where the force point of weight 
p is located at —1. We will prove the lemma by checking the criterion of 
[DubOQaj Lemma 15]. 

We first suppose that a > X. This holds if and only if p < f — 4. 
Consequently, |Dub09al Lemma 15] implies that ipiv) almost surely hits dH 
for the first time (after its initial point) at —1, which translates into rj tending 
to —00 without hitting duS. On the other hand, if a < —A then p > | — 2. 
Applying |Dub09at Lemma 15] analogously implies ipi^rj) tends to 00 without 
exiting H so that 77 tends to +00 without hitting duS. The case where 
a e (—A, A) so that p G (| — 4, | — 2) is similar. □ 

Lemma 4.5. Suppose that h is a GFF on S whose boundary data is as 
depicted in Figure 4-4\ Let zq be the point of duS which separates duS into 



the segments where the boundary data changes from a to h. Then the flow 
line rj of h starting at almost surely exits S at Zq without otherwise hitting 
djjS. This result holds more generally when the boundary data of h on djjS 
is piecewise constant, changes a finite number of times, and is at most —X to 
the left of Zq, at least X to the right of zq, and on OlS is piecewise constant, 
changes a finite number of times, and is at most —X + t^x to the left ofO and 



at least X — nx to the right ofO (see Remark 4-1)- Moreover, this result holds 



in the setting of SLE^' processes when X is replaced by X' and x is replaced 



by —X (see Remark 4-S)- 



Proof. Let ^: 5 — t- H be the conformal transformation which sends to 0, 
— 00 to —1, and Zq to —2. Applying the transformation rule (and analogously 
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Figure 4.3: Take a G (—A, A). Consider Figure 4.1 with p = —2, the critical 
value of p for the path being able to continue after the force point is absorbed. 
Conformally mapping to the strip S, we find that the path may be continued 
to the left when a G (—A + nx, A) and to the right when a G (—A, A — ttx)- 
In the extreme case a = A — ttx (p = ^2), the path on the right "merges 
into" the upper line. (When the path turns right and runs parallel to R, 
the height on its lower side is A — ttx- The merging phenomenon will be 



developed in Section 7.2 ) A similar statement holds in the setting of SLE^' 



processes when A is replaced by A' and x is replaced by — x (see Remark 4.2 ). 




Figure 4.4: If the left interval has height a < —A and the right has height 
6 > A, then the first accumulating point of the path on the upper line will 
be at zq. The same result holds if the boundary data is piecewise constant 
and changes at most a finite number of times, is at most —A to the left of zq, 
at least A to the right of zq, at most —X + nx to the left of 0, and at least 



A — TTX to the right of (see Remark 4.1). The same statement holds for 



SLEft' processes provided A is replaced by A' and x is replaced by — x (see 



Remark 4.2). 



to Figure 4.1), we see that ip{ri) ~ SLEk(pi,P2) where the weights pi,p2 are 



located at the force points —1, —2, respectively, and are determined from a, b 
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by the equations 



^l + Pi)A-xvr, 6 = -(1 + pi +P2)A - XTT. 



The condition a < —X imphes pi > ^ — 2 and that b > \ gives pi + p2 < # — 4. 



Consequently, it follows from |Dub09al Lemma 15] that ip{ri) first exits H at 
—2, which is to say that rj first exits S at zq. □ 




Figure 4.5: In the same setting as Figure AA but with an additional interval 
of height c G (—A, A), the path first hits the upper boundary in this middle 
interval. The same result holds when the constants a, b are replaced by 
piecewise constant functions which each take on a finite number of values 
which do not exceed —A and are at least A in their respective intervals and 
the boundary data on diS is piecewise constant, changes a finite number 
of times, and is at most —A + nx to the left of and is at least A — irx to 
the right of (see Remark 4.1). The same statement holds in the setting of 
counterflow hues provided A is replaced by A' and x is replaced by — x (see 



Remark 4.2). 



Lemma 4.6. Suppose that h is a GFF on S whose boundary data is as de- 
picted in Figure ^^5, Let zq,zi be the points which separate duS into the 
segments where the boundary data changes from a to c and c to b, respec- 
tively. Then the flow line rj of h almost surely exits S in [zq, zi] without 
otherwise hitting duS. This holds more generally when the boundary data of 
h is piecewise constant, changes a finite number of times, is at most —X to 
the left of Zq, at least A to the right of zq, at most —A + ttx to the left ofO, 
and at least A — ttx to the right of (see Remark Moreover, this result 
holds when r] is replaced by a counterflow line provided A is replaced by A' 
and X is replaced by — x (see Remark 4.2). 
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Proof. Let ip: S ^Hhe the conformal transformation which sends to 0, 
— oo to —1, zq to —2, and let yi = ip{zi) < —2. Applying the transformation 
rule (analogously to Figure 4.1), we see that ip{ri) ~ SLEk(pi, p2, Ps) where 
the weights pi, P2, Pa are located at the force points —1, — 2,?/i, respectively, 
and are determined from a, b, c by the equations 

a = -(1 + pi)A - xvr, 6 = -(1 + pi + P2)A - x^r, 
c = - (1 + pi + P2 + P3)A - XTT. 

As in the proof of the previous lemma, the hypothesis on a implies pi > f — 2, 
and that b > \ gives pi + P2 + Ps < f — 4. Finally, that c e (—A, A) gives 
2). Consequently, it is easy to see from |Dub09at Lemma 



' 2 



P1+P2 e il 

15] that ip{ri) first exits H in [yi, 
[zo,zi]. 



-2], which is to say that rj first exits S in 

□ 



4.2 A special case of Theorem 1.2 



In this subsection, we will prove Theorem [1.2 for a certain class of boundary 



data in which the flow line is non-boundary intersecting. 



Lemma 4.7. Suppose we are in the setting of Figure 4-(>\ That is, we fix 
G (0,4), let h be a GFF on S whose boundary data is as depicted in 



K 



Figure 4-6(a), rj the flow line of h starting at 0, rj' the counterflow line of 
h — starting at zq, and assume that Tj,Tj',h are coupled together so that 
Tj and rj' are conditionally independent given h. Let r be any stopping time 
for Tj. Then rj' almost surely first exits S \ rj{[0, r]) at rj^r). In particular, rj' 
contains rj and hits the points of rj in reverse chronological order: if s < t 
then rj' hits rj{t) before rj{s). 

Proof. Conditional on the realization of r7([0,r]), the field is equal in distri- 
bution to a GFF whose boundary data is — A' -|- x ■ winding on the left side of 



?7 ( [0 , r] ) and A' + x ■ winding on the right side of 7/ ( [0 , r] ) (see Figure 1.11). We 
note that rj' viewed as a path in 5 \ r7([0, r]) has a continuous Loewner driv- 



ing function up until it first hits rj{[0, r]) (see, for example Proposition 6.12). 
Consequently, it follows from Theorem |2.4 Proposition 3.5, and Proposi- 
tion 3.6 that conformally mapping S \ ''7([0,r]) back to S with rji^r) sent to 
and ±00 fixed leaves us in the setting of the lemma with r = 0. Thus we 
just need to argue that rj' first hits diS at 0. The boundary data for rj' on 
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(a) The boundary data for a flow line and 
countcrflow line. 




(b) Subtracting from the boundary 
data on the left makes the upper boundary 
conditions symmetric. 



Figure 4.6: The path t] represents a standard SLE^, k, G (0,4) flow hne 
and 7]' a standard SLE^/, k' = 16/ k, G (4, oo), counterflow hne in the reverse 
direction, once we subtract |x from the field. The boundary data on the 
vertical segment of rj matches that of the left of the vertical segment of t]', 
suggesting that rj could "merge into" the left boundary of rj'. Since —A' + 
|x G (—A, A), Figure 4.2 shows 1] must hit the upper boundary of the strip 



somewhere on the left (not the right) semi-infinite interval. Using Figure 4.4 



we see that rj' must first hit the lower boundary of the strip at the lower 
dot. This is because (subtracting |x from everything) we find that since 
~^ — f X < —A' (left side) and A — |x = A' (right side). If we grow rj and 
7]' (up to some time before they intersect) then after a coordinate change, 
we can map the complement of these paths back to the original strip so 
that the boundary conditions are the same as they originally were (though 
the locations of the dots may be translated). Thus rj' a.s. hits each of a 
countable dense set of points along rj (up until the first time it hits the upper 
interval) and rj always first hits to the left of the tip of ^7'([0,t]) (for some 
countable dense set of t values). 



OlS is (as described in Figure 4.6(b) ) 



~A — —X < —A' on (— oo, 0) and A 



A' on (0, oo) 



recall (4.2). Consequently, Lemma 4.5 implies rj' almost surely first hits diS 
at 0, as desired. Since rj up until the first time it hits duS is almost surely 



continuous (recall Remark 2.3), it follows that rj' almost surely contains rj by 
applying this argument to a countable dense set of stopping times (i.e., the 
positive rationals). It is also easy to see from this that t]' hits the points of r) 
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in reverse chronological order (this point is explained more detail at the end 



of the caption to Figure 4.6). □ 



Remark 4.8. The proof of Lemma 4.7 has two inputs: 



(a) the continuity of rj up until it first accumulates in du<S and that 

(b) for every r] stopping time r, rj' almost surely first exits S \ ?7([0,r]) at 
r]{T). 

Condition ([a]) holds more generally when the boundary data on diS is piece- 
wise constant, changes a finite number of times, and is at most — A + ttx to 
the left of and at least A — irx to the right of zero. This ensures that r) 
almost surely does not hit diS after starting, so is almost surely continuous 
since its law is mutually absolutely continuous with respect to SLE^ (p = 0) 
by the Girsanov theorem (recall Remark 2.3). Condition (|b]) holds when the 
boundary data of /i — |x on duS is piecewise constant, changes a finite num- 
ber of times, and is at most —A' — ttx to the left of zq and at least A' + ttx 
to the right of zq (or we have —A', A' boundary data as in the statement of 



Lemma 4.7; note that the reason for the sign is that x = xi^^) = 
This also implies the continuity of rj' up until it hits d^S, arguing using abso- 
lute continuity as before (this will be important for a more general version of 



Proposition 4.9). Additionally, we need that the boundary data of h — ^x 



diS is piecewise constant, changes a finite number of times, is not more than 



—A' to the left of 0, and is at least A' to the right of 0. In short. Lemma 4/7 
holds when the boundary data of h is "large and negative" to the left of 
and Zq and "large and positive" to the right of and 2:0- 

Proposition 4.9. Suppose we are in the setting of Figure That is, we 
fix K E (0,4), let h be a GFF on S whose boundary data is as depicted in 



Figure 4- 6 (a), let rj be the flow line of h starting atO, rj' the counterflow line 
of h — ^X starting at zq, and assume that 77, rj', h are coupled together so that 
ri,ri' are conditionally independent given h. Almost surely, 77 is equal to the 
left boundary rj' . 



Proof. Lemma 4.7| implies that the range of rj' contains rj. To complete the 



proof, we just need to show that rj is to the left of rj'. To see this, fix any 
stopping time r' for rj' such that rj' almost surely has not hit diS. Then r) 
almost surely exits S \ ri'{[0, r']) on the left side of //'([O, r']) or to the left of 
Zq on duS. Indeed, arguing as in the proof of Lemma [4^ we can conformally 
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map the picture back to S to see that it suffices to show that rj almost surely 
ffist hits duS to the left of zq. This, in turn, is a consequence of Lemma [4 .61 




Figure 4.7: Suppose that we have the same setup as Figure 4.6 Fix an rj' 



stopping time r'. Then it must be that r)'{T') is to the right of rj. Indeed, if 
this were not the case, then after hitting the left side of r]'{[0, r']), say at time 
r, 1] would have to wrap around i]'{t') and then hit the right side of r]'{[0, r']), 
say at time a. This is a contradiction since t]' hits all of the points in rj in 
reverse chronological order. In particular, we have that ri{T),rj{a) G ^^'([O, r']) 
while there exists s G (r, a) such that //(s) ^ ri'{[0,T']). We conclude that 
7]' lies to the right of rj applying this result to a dense collection of stopping 
times r' (i.e., the positive rationals) and using the continuity of rj'. 



We will now argue that r]'{T') is to the right of rj. Let r be the ffist 
time Tj exits S \ ri'{[0, r']). There are two possibilities: ?7(r) is either in duS 
or in ?7'([0,r']). In the former case we are done, so we shall assume that 
we are in the latter. Now, the only way that fj'ir') could be strictly to the 
left of 7] is if after r, r] wraps around ?7'([0,r']) and hits its right side. This 
implies the existence of times ti < ^2 < ^3 such that rj{ti),rj{t3) G rj'{[0,T']) 
but ri(t2) ^ ?7'([0,r']). This is a contradiction since rj' absorbs the points of 



1] in reverse chronological order by Lemma 4.7 The result now follows by 
taking a countable dense collection of stopping times r' (i.e., the positive 
rationals) and invoking the almost sure continuity of r]' up until when it first 
hits diS. □ 



Remark 4.10. In addition to the hypotheses described in Remark 4.8| (which 



imply the almost sure continuity of rj' up until when it ffist accumulates in 



OlS), Proposition 4.9 requires the boundary data of h to be such that r] 



almost surely ffist accumulates in duS to the left of zq. By Lemma 4.5, this 



means that the boundary data for h on duS should be piecewise constant. 
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change only a finite number of times, and be less than A to the left of and 
be at least A to the right of zq. 



By combining Remark 4.8 and Remark 4.10 we obtain the following 



extension of Proposition 4.9 



Proposition 4.11. Suppose we are in the setting of Figure 4^ where the 
boundary data on OlS is replaced by any piecewise constant function which 
changes a finite number of times, does not exceed —A + ttx to the left of 0, 
and is at least A to the right of 0. Assume furthermore that the boundary 
data of h on duS is piecewise constant, changes a finite number of times, 
and does not exceed —A to the left of zq and is at least A + tt^ to the right of 
zq. Almost surely, the flow line rj starting from is equal to the left boundary 
of the counterflow line v( of the field minus |x starting from zq. Here, we 
assume that rj, rj', h are coupled together so that rj is conditionally independent 
of rj' given h. 



Using Proposition |4.9[ we obtain Theorem |1.2| in the special case we have 
only boundary force points with weights p = {p^,p^) satisfying: 



2 for all 1 < j < A; and ^ p''^ > for all 1 < j < i; (4.4) 



i=l 



here, \p^\ = k and \p^ 



Proof of Theorem 1.2 for k G (0, 4) assuming (4.4). We suppose that we are 



in the setting of Figure 4.6| but with boundary data satisfying Remark 4^ 



and Remark 4.10 That is, we consider the Gaussian free field h on the strip 



S with piecewise constant boundary data on d^S which changes a finite 
number of times, is at most —A + nx on (— oo, 0) and at least A on (0, oo). 
Moreover, we assume that the boundary data of h on duS is at most —A to 



the left of zq and at least A + nx to the right of zq. Then Proposition 4.11 
implies that the fiow line rj of h starting at is equal to the left boundary 
of the counterfiow line rj' starting at Zq of h — |x, where rj, rj', h are coupled 
together so that rj is conditionally independent of r)' given h. Since rj and 
rj' are conditionally independent given h, it follows that rj is almost surely 
determined by h. The result follows since by adjusting the boundary data of 
h, we can arrange so that rj ~ SLEk(p) with any choice of weights p satisfying 

~ " □ 
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We finish this section with the following proposition, which gives an alter- 
native proof of the transience of certain non-boundary intersecting SLEk(p) 
processes using duality (see |RS05] for another approach for ordinary SLE). 

Proposition 4.12. Suppose that rj ~ SLEre(p), n G (0,4), from to oo in 
H with the weights p satisfying (4.4). Then limt^oo = almost surely. 



Proof. This is similar to the proof of Theorem 1.2 for k G (0,4) assuming 



that the weights p satisfy (4.4). Indeed, we can choose the boundary data of 



a GFF h on S so that the flow line rj of h starting at is an SLEk(p) process 
for any choice of weights p satisfying (4.4). Let rj' be the counterfiow line 



of h — |x starting at zq, taken to be conditionally independent of rj given 
h. Let T be any positive stopping time for rj such that rj almost surely has 



not hit Zq by time r. We know from the proof of Lemma 4/7 that r]' almost 
surely first exits S \ ri{[0,T]) at rj^r), say at time r'. Moreover, it follows 
from Proposition 4.11 that r7|[r,oo) is equal to the left boundary of V([0,t']) 



we know that rj lies to the left of ?7'([0,r']) and that rj' hits the points of 

is 



rj in reverse chronological order). By Remark 2.3, we know that rj'l^o 
almost surely continuous which implies that the left boundary of ri'{[0,T']) 
is locally connected. Therefore the range of rj is locally connected (we know 



that ?7|[o,t) is locally connected by Remark 2.3), hence rj is continuous even 
when it hits Zq. Applying a conformal map ip: S ^ H completes the proof 
of the proposition. □ 



and in Section 



7.4 



Part of Theorem 1.3, which will be proved in Section 7.3 for k G (0,4) 



for k' G (4, oo), is the continuity of general SLEk(p) and 
SLE;^/(p) processes upon hitting their terminal point. This is equivalent to 
transience when the terminal point is oo. 



5 The Non-Boundary-Intersecting Regime 

This section contains two main results. First, we will show that the flow 
lines of the GFF h enjoy the same monotonicity properties as if h were a 
smooth function: namely, if 6i < 62 and rjg^ is the flow line of h with angle 
6i for i = 1,2 started at a given boundary point then 77^^ almost surely lies 
to the right of rjg^ (Proposition 5.5). Second, we will show that SLEig/K for 



K G (0,4) can be realized as a so-called "light cone" of angle-varying SLE^ 



flow lines (Proposition 5.9). The proofs of this section will apply to a certain 
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class of boundary data in which the flow lines are non-boundary-intersecting. 
In Section [7], we will extend these results to the setting of general piecewise 
constant boundary data, in particular in the setting in which the paths may 
hit the boundary. 



5.1 Monotonicity of Flow and Counterflow Lines 

In order to prove our first version of the monotonicity result, it will be more 
convenient for us to work on the strip iS = Rx (0, 1). Throughout, we let duS 
and diS denote the upper and lower boundaries of iS, respectively. This puts 
us into a setting in which we can make use of the SLE duality theory from the 



previous section. Assume that 9i < 92- Then we know from Proposition |4. 11 
that ?7e^ is almost surely the left boundary of the counterflow line rj'g of 
h + {9i — emanating from the upper boundary duS of S, provided the 
boundary data of h is chosen appropriately (we will spell out the restrictions 
on the boundary data in the statements of the results below). Thus to show 
that 77^2 passes to the left of rje^ it suffices to show that rje^ passes to the left 
of rig_^ . This in turn is a consequence of the following proposition, which gives 
us the range of angles in which a flow line passes either to the left or to the 
right of a counterflow line: 

Proposition 5.1. Suppose that h is a GFF on S with boundary data as 



described in Figure 5.1. Assume a',b' > A' + ttx arid a,b > X' . Let rj' be the 



counterflow line of h starting at zq. Fix 9 such that 

X^nx^ < 9 < ^±1^ (5.1) 
X X 

and let rjg be the flow line of h -\- 9x starting from 0. If 9 > ^{X — X') = ^ , 
then Tje almost surely passes to the left of rj' and if 9 < -{X' — X) = then 
TjQ almost surely passes to the right of rj . 



The hypothesis (5.1) implies that vje almost surely accumulates in duS or 



tends to ±oo before hitting diS (see Remark 4.1 upon proving Theorem 1.3 
we in fact will be able to prove that rjg almost surely does not hit d^S after 
time 0). The reason we assume a', 6' > A' + vrx and a,b > X' is that the 
former implies that t]' almost surely does not intersect duS except at zq 
and the latter implies that rj' intersects diS only when it terminates at 0. 



Consequently, rj' is almost surely continuous (recall Remark 2.3). Moreover 
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(a) On the left: 6i > i(A - A') = f • 



(b) On the right: 6* < i(A' - A) 



Figure 5.1: Consider a GFF on the infinite strip S with boundary data as 
described in the illustrations above. Let rje be the flow line starting at 
with initial angle 9 (which corresponds to adding 9x to the boundary data) 
and f]' the counterflow line starting at zq. We assume that a,b are chosen 
sufliciently large so that both rj' and rjg almost surely do not intersect the 
lower boundary of S except at and a', b' are sufficiently large so that 
1]' almost surely does not intersect the upper boundary duS of S except at 
Zq. We will show in Proposition 5.1 that if 9 > 
surely passes to the left of rj' anc 



that if > -(A — A') = f , then rjQ almost 
if ^ < -(A' — A) = — f , then rje almost surely 
passes to the right of rj . By SLE duality, this implies the monotonicity of rjg 
in 9. 



it implies that if 6* < -(A' — A) = — f then —a' + 9x < —A so that rjg does 

X ^ 

not hit the side of duS which is to the left of zq and if 6' > -(A — A') = ^ 

X 

then 6 + 6*% > A so that rje does not hit the side of duS which is to the right 
of Zq (see Figure 4.5). 



We are now going to give an overview of the proof of Proposition 5.1 



which is based on an extension of the proof of Proposition |4.9 
without loss of generality that 9 > -(A — A') 



We assume 



. . . , |. We begin by flxing an 
?7'-stopping time r' and then show that ^^'(t') almost surely lies to the right of 
Tjg. As in the proof of Proposition 4.9, we will flrst show that rjg almost surely 
flrst exits S \ri'{[0,T']) on either the left side of ri'{[0, r']) or the side of duS 
which is to the left of zq (see Figure 5.3, which also contains an explanation 
of the critical angles). If we are in the latter situation, then we have the 
desired monotonicity. If not, we suppose for contradiction that //'(r') is to 
the left of rjg. Then after rjg hits ?7'([0,r']), it must be that rjg wraps around 
?7'(r') and hits the right side of ri'{[0,T']) since rjg cannot exit S on the part 
of duS which lies to the right of zq. This, however, cannot happen because 
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the evolution of r]g near the right side of r]'{[0, r']) looks like (up to conformal 
transformation and a mutually absolutely continuous change of measures) 
an SLE process on the strip S starting from which cannot hit its upper 



boundary duS (see Figure 4.1). We begin by proving the following extension 



of Lemma 4.3 which serves to make this last point precise. 



Jl 



Cl 



Jo 



C2 




Figure 5.2: Suppose that h is a GFF on the strip S and let J C du<S be 
open. Write J = U^Jk where the Jk are disjoint open intervals and assume 
that h\j^ = Ck for given constants Ck ^ (—A, A). Assume that < Tq < oo 
is an 77-stopping time such that ^7|[o,To] is almost surely continuous. Then 
7] cannot hit J by time Tq. To see this, fix wq in the interior of any 
and pick e > such that dB{wo, e) fl duS is contained in the interior of Jk- 
Fix e' G (0,e). The evolution of r] after it hits dB{w(),e') for the first time 
up until when it subsequently exits B{wo, e) is (after applying a conformal 
transformation) mutually absolutely continuous with respect to the setup 
described in Figure 4A^ by Proposition 3.2| consequently 77 almost surely 
exits B{wo, e) before hitting B{wo, e) H Jk- The result follows by considering 
the collection of balls centered at some countable dense set of points in Jk 
with rational radii and invoking the continuity of ?7|[o,ro]- 



Lemma 5.2. Suppose that h 



is a GFF on S whose boundary data is as 
described in Figure 5.2 and let rj be the flow line of h starting at 0. //^^Ip.To] 
is almost surely continuous for some rj-stopping time < Tq < 00, then 
r7([0,To]) n J = almost surely. 



In order for Lemma |5.2| to be meaningful, there must exist a non-zero rj 
stopping time Tq such that ?7|[o,To] is continuous. This will be clear for the 



application we have in mind in this section. Upon establishing Theorem 1.3 
in Section [7], we will be able to apply Lemma 5.2 to the flow lines of a GFF 
with piecewise constant boundary conditions. 
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Proof of Lemma 5.2 Write J = Lik-Jk where the Jk are pairwise disjoint 
intervals in duS. Fix A; G N and wq in the interior of Jk- Let e > be such 
that dB{wQ, e) fl duS, where duS is the upper boundary of S, is contained 
in the interior of Jk and fix e' G (0, e). Let r be the first time t that rj hits 
dB{wQ, e') and a the first time t after r that is not in B{wq, e). Assume that 
i]{t) ^ 9;7iS. Let D be the connected component of iS\r7([0, r]) which contains 



Wo- By Proposition 3.2, the law of h\B{wo,€) conditional on the realization 
of ?7([0,r]) is mutually absolutely continuous with respect to the law of the 
restriction of a GFF hon D to B{wo, e) whose boundary data is A'— x-winding 
(resp. — A' — X ■ winding) on the right (resp. left) side of ?7([0,r]), the same 
as h on OlS, the lower boundary of S, and identica lly C k on all of duS- Let rj 



be the flow line of h starting at ti{t). Then Lemma |4.3 implies that rj almost 



surely does not hit duS and, in particular, exits B{wo, e) before hitting duS. 



Applying Proposition 3.2 a second time implies that with E{wo, e', e) the 
event {r/([r, a]) f] duS 7^ 0, a < To} we have P[E{wo, e', e)\r]{T) ^ duS] = 0. 

Let {wj) be a countable dense set in J and let V be the set of all triples of 
the form {wj, r', r) where < r' < r are rational. If rj hits duS with positive 
probability before time Tq, the almost sure continuity of ?7|[o,To] implies there 
exists {wj,r',r) G V such that P[E{wj,r' ,r)\ri{T) ^ duS] > where t < Tq 
is the first time rj hits dB{wj,r')- This is a contradiction, which proves the 
lemma. □ 



Remark 5.3. By changing coordinates from 5 to H, Lemma 5.2 implies the 
following. Suppose that 77 is an SLEk(p) process on H with weights p = 
{p^;p^) placed at force points {x^;x^)- Assume that 77|[o,To] is almost surely 
continuous for some r^-stopping time < Tq < 00. Then ?7([0,To]) almost 
surely does not intersect any interval (x*'*'"'^'^, x*'"^) (resp. (x*'^, x*"'"^''^)) such 
that Y!s=i P"'^ > f - 2 or J2l=i P"'^ < f - 4 (resp. ELi P"'^ > f - 2 or 
E:=iP^'^<f-4). 



Lemma 5.4. Suppose that we have the same hypotheses as Proposition \5.1 
with 6 > ^(A — A') = I fixed. Let t' he an rj' -stopping time such that, 
almost surely, rj' has not hit by time t' . For each t > 0, let K[ he the hull 
0/ r7'([0, t]), i.e. the complement of the unhounded connected component of 
S \ ?7'([0, r']). Let r he any stopping time for the filtration J^t = c"(?7(s) : s < 
t, ri'{[0, r'])) and let E = {dist(?7(r), Kr') > 0}. Then on E, r^lfr.oo) intersects 
neither the right side of ri'{[0,T']) nor the part of duS which lies to the right 
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W^ 



Wo 



W2 
— • — 



-a' + ex -y + ex x' + ex b' + ex 



—a 



Ox 



b + ex 



(a) The evolution of 77' up to time t' and r]g (b) The boundary data for r]g after confor- 
up mitil the first time it hits r]'{[0, r']). mally mapping the picture on the left hand 

side back to the strip with ±00 and fixed, 

wq the image of zq. 



Figure 5.3: Suppose that we have the same setup as in Figure and let r' 
be a stopping time for rj'. We assume 9 is chosen so that rje almost surely 
does not hit diS after time 0. If 6^ > -(A — A') = | so that X' + 9x > X and 



b' + 9x > X then by Figure 4.5, rjg exits S \ ri'{[0, r']) on either the left side 
of ri'{[0, t']) or on the left side of duS, almost surely. If 9 < -{X' — X) = 
so that —A +9x < —X and —a +9x < —A, rjg first exits on the right side of 
?7'([0,r']) or the right side of du<S, almost surely. 



0/2:0 before hitting either the left side of rj' {\^,t']) or the part of duS which 
lies to the left of zq. 

Proof. If ?7([0, r]) fl K'^, = 0, then the result is immediate from the argument 



described in Figure |5.3[ Thus for the rest of the proof, we shall assume that 
r7([0,r]) n Kr' 7^ 0. Since rj is almost surely a simple path, there exists a 
unique connected component D of S \ {ri{[0,T]) U K[.,) such that for some 
eo > 0, r]{T + e) e D for all e G (0, eo). 

We consider two cases. First, suppose that dD has non-empty intersection 
with the part of duS which is to the left of zo- Then there is nothing to 
prove since a simple topological argument implies that r]\[T.oo) can only exit 
D either on the left side of ^^'([O, r']) or on the part of duS which lies to the 
left of zq (since ?7([0,r]) must have an intersection with either the left side 



of rj'{[0,T']) or the part of duS which is to the left of zq; see Figure 4.5). 
Second, suppose that dD has non-empty intersection with the part of duS 
which is to the right of zq or the right side of ri'{[0,T']). Observe that D is 
simply connected. Let tq be the largest time t < r such that rjit) G K'^,. 
Let tp: D S he the conformal transformation which sends //(r) to 0, and 
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the left and right boundaries of 77([to, r]) to (—00, 0) and (0, 00), respectively. 
Since ?7|[o,r] and ?7'|[o,r'] are continuous paths, it follows that ip extends as a 
homeomorphism to D. Let h = ho ip"^ — ^ arg('?/;~^)'. Then /i is a GFF on S 



by Proposition 3.5 since K'^, is local for h and ?7([0, r]) is local for h given K'^,. 
By Proposition 3.6, we know the boundary data of h on BlS as well as the 



parts of duS whose preimage under lies in either ?7([0,r]) or in r7'([0,r']) 
but we cannot (at this point) rule out pathological boundary behavior in h 
near ?7([0,r]) fl rj'{\Q,T']). This is indicated in the right panel of Figure 5.4 



The desired result now follows from Lemma 5.2 (see Figure 5.4) 



□ 



Proof of Proposition \5. 1\ We assume 6* > -(A 



A') = |; the argument for 
the other case is the same. Let r' be any stopping time for rj' such that rj' 
has almost surely not yet hit by time r'. Conditioning h on ?7'([0,r']) and 
conformally mapping S\K[., (recall that K'^ is the hull of ^^'([O, t])) back to S, 
the boundary data of the corresponding field plus 9x is given in Figure 5.3(b)[ 
That ^ > i(A-A') = f implies -X' + Ox > -A, A' + ^x > A, and b' + ex> A. 
Consequently, it follows from that rjo almost surely exits S \ ri'{[0, r']) on the 
left side of ^^'([O, r']) or on the part of duS which lies to the left of zo, say at 



time r, or does not hit duS (Figure 4.2 and Figure 4.5) 



We will now argue that //'(r') is almost surely to the right of rje- If this is 
not the case, then after time r, rj must wrap around (but not hit) //'(t') and 
then hit the right side of ?7'([0,r']) (recall that rj almost surely does not hit 
the side of duS which lies to the right of zq). Let ts be the first time t after 
T that rjit) is in the right connected component of 5 \ (^^([0, r]) U ri'{[0, r'])) 
and dist{ri{Ts) , K[.,) > 6 (we take ts = 00 if this never happens). Then it 
must be that lim5_>.o+ P[ts < 00] > 0, for otherwise rj'lr') is contained in the 
range of rj since we have assumed that ?7'(r') is the to the left of 77. This leads 
to a contradiction since Lemma 5.4| implies that rj cannot hit the right side 
of ?7'([0, r']) or the part of duS which lies to the right of zq before it hits the 
left side of //'([O, r']), the part of duS which lies to the left of zq, or tends to 
00 after time r^, any 6 > 0. □ 

Proposition 5.5. Suppose that h is a GFF on S whose boundary data is as 



in Figure 5. 1 . Fix 9i , 62 such that 



X 



X 



(5.2) 
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(a) In order for rj'ir') to be to the left 
of rje, rjg must wrap around rj'ij-') after 
hitting on the left side of r]'{[0,T']). 



Jl 



X' + ex x' + ex 



-A 



Js 

X' + dx 




A 



(b) The boundary data for the flow line 
r]g as it approaches the right side of 77', 
conformally mapped back to the strip. 



5.3 



with 9 > 



Figure 5.4: Suppose we have the same setup as Figure 
A') = f so that r]e first exits S \ r?'([0,r']) on the left sideof r/'([0,r']). The 
only way that ?7'(t') can be to the left of rjg is if, after hitting the left side of 
77' ([0, r']), r]g wraps around V (''"') ^-nd then hits the right side of ^([0) ''"'])• Let 
K'^ be the hull of r]'{[0, t]). This implies that with ts the first time t after r for 
which rjit) is in the right connected component of 5 \ (?7'([0,r']) U ?7([0,r])) 
and dist{r](t), K'^,) > 5 we have that Pfr^ < 00] > provided 5 > is 
small enough. Let D be the connected component of iS \ (?7([0,r5] U Kt-i) 
which, for some e > 0, contains //([r^, ts + e]). Let tp: D — )■ 5 be a conformal 
transformation sending the left side of rj from the largest time t < ts that 
rjit) G d{S \ K'^i) to Ts to (—00,0) and the corresponding right side of 17 
to (0,cxd). Then the boundary data for the coordinate change of the GFF 
^Id + by V' in '5 is shown on the right hand side. The intervals Jk are the 
images of the segments in dD which also lie on the right side of 77'([0,r']). 



By Figure 5^, we know in this case rj cannot hit any of the Jk in finite time. 
This leads to a contradiction. 



Let 7]g^, for i = 1,2, be the flow line of h + 6iX starting at and let ti he the 
first time that rjg- accumulates in duS . Then r]o^\[o,T2\ almost surely lies to 
the left 0/ ?76ii |[o,ri]- The- same result holds if rjg^^rjQ^ are flow lines of a GFF 
h onH from to 00 with boundary data —a on (—00, 0) and b on (0, 00). 



The reason for the asymmetry in the hypothesis ( |5.2 ) is to allow for 



"enough space" so that we can fit a counterfiow line rj^ whose left boundary is 
77^1 which does not interact with d^S. We note that it is not necessary to make 
any hypotheses about the boundary data of h on duS. The reason is that the 
lemma is only applicable for the paths up until when they first accumulate 
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in djjS. This means that we can prove the result with a convenient choice 
and then use Proposition 3.2 



Proof of Proposition 5.5 . Fix e > 0. For i = 1,2, let be the first time 
t that rjg- gets within distance e of du<S. It suffices to show that rjg^lio^ri] 



almost surely lies to the left of ?7g^^|[o,Tf] for every e > 

Itt — 9i)x (by Proposition 



> A' + (^1 + f )x and b' >X' + 



We assume that 
it suffices 



3.2 



to prove this result with any choice of a', b'). This implies that the boundary 
data of /i + (6'i — |)x on duS which lies to the left of Zq is at most —\' — nx 
and to the right of Zq is at least A' + ttx- Moreover, the hypothesis (5.2) 
implies that the boundary data of h + (6*1 — |)x on diS which lies to the 
left of is at most —A' and to the right of is at least A'. Consequently, 
is applicable to the counterflow line ?7g^ of h + (6*1 — 
Is the flow line of h + {6i - |)x with angle 62 - 9i + ^ > |, 
implies that ?76»2|[o,t^] is to the left of r^^^. The result then 
implies that ?76»iI[o,t«] is contained in the left 
1, 2, are flow lines of a GFF 

□ 



Proposition 
Since Vezllo,! 
Proposition 



5.1 



5.1 



4.11 



follows since Proposition 
boundary of 17^^. The result when the rjo^, 
on H follows from the result on S and Proposition |3.2 



5.2 Light Cone Construction of Counterflow Lines 



In this section, we will prove Proposition 5^, our first version of Theorem L4 
Along the way, we will explain the inputs we need in order to prove the result 
in its full generality (the technical ingredients for the general version will be 
developed in Section [?]). Suppose that h is a GFF on S with boundary data 
as depicted in Figure |5.5[ Throughout, we will make the same hypotheses 



on the boundary data of h as in Proposition |5.1[ That is, we shall assume 
that a, 6 > A — |x = A'; the reason for this choice is that it implies that the 
counterflow line rj' of h starting at zq almost surely hits diS, the bottom of 
dS, only when it exits at 0. We also assume that a',b' > A' + ttx so that 
rj' almost surely does not intersect duS, the top of dS, except at zq (recall 



Figure 4.4). 



Fix angles 9i, . . . ,9i. Let r]g^ be the flow line of h starting at with angle 
61 and let ti be an rjg-^ stopping time. For each 2 < j < £, we inductively 
let rig^...g^ be the flow line of h conditional on rig^...g_._-^{[0,Tj_^i]) starting at 
V0i-6j-i{'^j-i) with angle 9j and let tj be an r^e^.^g^ stopping time, as de- 



picted in Figure 5.5 We call r/e^.- gf an angle-varying flow line with angles 



9i, . . . ,9i with respect to the stopping times ri, . . . , r^-i. The light cone L 
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of h starting at is the closure of the set of points accessible by angle- varying 
flow lines with rational angles 6 restricted by 



-^ = ^(A'-A)<^^<^(A-A') = ^, (5.3) 

i.e. always pointing in a northerly direction, and with positive rational angle 
change times. More generally, if 7]^-^^...rp^, is any angle- varying flow line and a 
is an r]^^...^f^ stopping time, the light cone L{r]^^...^^,a) starting at r]^^...^^{a) 
is the closure of the set of points accessible by angle-varying flow lines start- 



ing at ?7(/,i...0j.(cr) with rational angles restricted by (5.3) and with positive 
rational angle change times. The main result of this subsection (Proposi- 
tion 5.9) states that the range of rj' stopped when it hits the tip ?70-^...0j.(cr) of 



V<i)i--4>k\[o,cr] is almost surely equal to L(?7(^^...(^j., a). The first step in its proof is 



Lemma 5.7, which states that any angle-varying flow line t]q-^...q^ whose angles 



are restricted by (5.3) is almost surely contained in the range of r]' and that 
rj' hits the points of r]ei---ei in reverse chronological order. Before we prove 
Lemma [K7 , we record the following technical result which gives that non- 



boundary intersecting angle-varying flow lines with relative angles which are 
not larger than vr in magnitude are almost surely simple and determined by 
h. 

Lemma 5.6. Let rig^...g^ be an angle-varying flow line of h with angles 9i, 
1 < i < i, with \6i — Oj\ < IT for all pairs 1 < i, j < i- Assume, moreover, 
that rjQ^...ef is non-boundary-intersecting. Then rjo^.-e^ is almost surely simple 
and continuous. If we assume further that the boundary data for h + 9ix is 
at least A on (0, oo) and at most —A -|- ttx on (— oo, 0), then rig-^...ei is almost 
surely determined by h. The same likewise holds if the boundary data for 
h -\- 6iX is at least A — ttx on (0, oo) and at most —A on (— oo, 0). 

Proof. The proof is by induction on i > 1. Suppose £ = 1. That the path 
is simple and continuous in this case follows from the mutual absolute conti- 



nuity of the path to usual SLE^, k G (0,4) (see Section [2] and Remark 2.3). 
Suppose the result holds for angle- varying paths with £— 1 > angle changes. 
To see it holds when there are i angle changes, we condition on the realiza- 
tion of the path until the {£ — l)st angle change and conformally map back 
to S as in Figure 5.5 Due to the restriction \6i ~ 6j\ < tt, it follows that 



the image of the path after the {i — l)st angle change is a non-boundary 
intersecting SLEk(p), so the induction step clearly follows. The final claim 
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Wo 

* b' 

-g ^ -A - 6>ix -A - g2X , ''^ - ^2X , A - 6>ix , b 

Figure 5.5: Suppose that h is a GFF on S with the boundary data depicted 
above. We assume that a, 6 > A — |x = A' and a', b' > X' + ttx- The reason 
for these choices is that the former imphes that the counterflow hne 1]' of h 
starting at zq almost surely first exits OlS at and the latter implies that 
Tj' intersects duS only at zq. Fix angles 6*1, ... , 9i. Let tjq-^ be the flow line 
of h + 9ix and let ti be an rjg-^ stopping time. For j > 2, inductively let 
ri0-^...8j be the flow line of h + 9jX conditional on rig-^...0._^{[O, tj^i]) starting at 
Vdv-dj-ii^j-i) ^iid let Tj be any rj0^...ej stopping time. The random subset of 
S one obtains by taking the closure of the union of the ranges of rjo^-ei where 
the stopping times and angles 6i with — | = -(A' — A) < Oj < -(A — A') = f 
for all 1 < j < /c vary among appropriate countable dense collections is equal 
in distribution to the range of the counterflow line starting at zq. The picture 
on the right side shows the boundary data of the GFF [i = 2) after applying 
a conformal transformation ip: 5 \ ?76i^...6ij.([0, r^]) — )■ S which sends rj0^...0^{Tk) 
to and fixes ±cxd; Wq = ip{zo) G duS. 




of the lemma for 



proved in Section 4.2 



Proposition 3.2 



= 1 follows from the special case of Theorem L2 we 
That it holds for larger i also follows by induction and 

□ 



Lemma 5.7. Let rig^...g^ he an angle-varying flow line of h with angles 9i, 
1 < i < i, satisfying (5.3). The counterflow line t]' of h starting at Zq al- 



most surely contains rjQ^...Q^ and, moreover, hits the points of rjQ^...Q^ in reverse 
chronological order. 



Proof. We first note that rig^...0^ is almost surely continuous by Lemma 5.6 
Fix an ?7e^...6i^-stopping time a such that rig^...g^{[0,a]) almost surely does not 
contain zq. We apply a conformal transformation ip: S\ rig-^...g^{[0,a]) — )■ S 
which fixes ±oo and sends //^^...^^(cr) to 0; the boundary data for the GFF 
which describes the evolution of ip{ri') is as in the right panel of Figure 5.5 
(with the obvious generalization from £ = 2 to other values of i). Let wq = 
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iP{zq). Our hypotheses on 9i imply 



-A - OiX < -A' and A - > A' for all 1 < i < 



Lemma 4.5 (see also Figure 4.4) thus implies that ^'('7') does not hit 9^5 \{0} 
and exits S at 0. This implies that rj' almost surely exits S \ //^^...^^([O, a]) at 
Tjo^.-.e^^a). By choosing a dense collection of stopping times (i.e., the positive 
rationals) and using the continuity of t]' and rje-^-.-ee we conclude that the 
range of r]' contains rig^...e^. Moreover, the proof clearly also implies that the 
points of riQ^...Q^ are hit by rj' in reverse chronological order. □ 



Remark 5.8. The proof of Lemma 5.7 requires two inputs: 



(i) 7]' almost surely exits 5 at and 

(ii) rj0^...0^ and rj' are almost surely continuous paths. 

The reason that we chose our boundary data so that rj' does not intersect 



diS \ {0} was to ensure the continuity of rj' . Upon proving Theorem 1.3 

we will have shown that 



in Section 7.3 and Section 7.4 



and 



hold 



whenever rj' and rig^...0^ make sense (the SDE for the driving functions of 



these processes has a solution), so that Lemma 5.7 also holds in the same 
generality. 

Lemma 5.7 implies that rj' almost surely contains L(0i, . . . , 0^, a) for any 



satisfying (5.3). We now turn to prove the reverse inclusion. 



Proposition 5.9. Let rj^^...^^ he an angle-varying flow line of h with angles 
(pi satisfying (5.3) and let a be any rj^^...^^ stopping time. The random set 
L(?7(^j...^^, cr) obtained by taking the closure of the union of rj^-^...^^0^...eX[Q,T(\) 
as I ranges over N and 6i,...,6i range over any countable dense set of 
angles satisfying (5.3), and ti < ■ ■ ■ < range over any dense subset of 



(0, oo) is almost surely equal to the range of the counterflow line r]' of h 
starting at Zq stopped upon first hitting rjfj,^...^^{a) (which is the same time it 
hits r/^,...0,([O,a]);. 



We pause to give an overview of the proof of Proposition 5^ Fix an r]' 
stopping time r'. We will prove for every e > there exists an angle- varying 



flow line with angles restricted by (5.3) whose range comes within distance 
e of ti'{t') (see Figure 5.6 for an illustration). By conformally mapping the 



unbounded connected component of iS \ ?7'([0,r']) to H with ri'{T') mapped 
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—a 




b' 



Figure 5.6: Consider the GFF with the boundary data depicted in the 
illustration above with a,b > X — = ^' ^"^^ i h' > \' + ttx and let 77' 
be the counterflow line starting at zq. Fix any r/'-stopping time r'. To show 
that the random set described in Figure 5.5 almost surely contains i]'{t'), we 
consider flow lines of the form r/gj. ..5)^. where 6'j = (— l)-'+^^(A— A') = (— 
With this choice, riQ^...Q. can hit the left but not the right side of rj' when j is 
odd and vice-versa when j is even. We choose the stopping times Tj so that 
rj0^...ej gets progressively closer to the left side if j is odd and to the right 
side if j is even. Taking a limit as the number of angles tends to 00, the 
corresponding curves almost surely accumulate at fj'ir'). 





Figure 5.7: In order to prove that the construction in Figure |5.6| accumulates 
at r]'{T'), we apply a conformal map ip which takes the unbounded connected 
component of 5 \ ?7'([0,r']) to H and which sends rj'^r') to 00 and fixes 0. 
Then it suffices to show that rjj := %lj{rjQ^...Q.) is almost surely unbounded 
as j — i- 00. To prove this, it suffices so show that the amount of capacity 
time it takes rjj to traverse from left to right (resp. right to left) if j is even 
(resp. odd) is stochastically bounded from below by a non-negative random 
variable whose law has positive mean. 



to 00 and fixed, it suffices to show for every i? > there exists an angle- 



varying flow line with angles restricted by (5.3) of the corresponding fleld 
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on H whose diameter is at least R. By rescaling, we may assume that the 
images of the left and right sides of zq are contained in R\ (—3, 3). Consider 
the path rji which begins by flowing at angle |, i.e. maximally to the left. 
By the choice of boundary data, rji first hits R after time in {—oo, —3]. 
We let ry2 be the path which starts at the tip of rji when it gets close to 
(— oo, — 3] and then flows at angle — |, i.e. maximally to the right. Again 
by the choice of boundary data, r/2 first hits R in [3,oo). We inductively 
let rjj be the path which flows at angle (— starting at the tip of r/j_i 
when it gets close to (— 1)-^[3, oo). This is depicted in Figure 5.7, To show 
that the paths rjj are unbounded as j — )■ oo, it suffices to show that the 
amount of capacity time it takes for rjj to traverse from left to right (resp. 
right to left) if j is even (resp. odd) is stochastically bounded from below by 



a non-negative random variable with positive mean (Lemma 5.10 serves to 
make this point precise). The challenge in showing this is that each change 
of angle leads to the creation of two additional force points. The amount of 
force applied to the driving function, nevertheless, remains bounded because 
the force alternates in sign but has the same magnitude with each angle 
change. 

Lemma 5.10. Suppose that {Wt, V^*'^) is an SLEk(p^; p^) process with Wq = 
0. Let T be the first time that W exits the interval [—1,1]. Assume there 
exists C > such that 

k 



E 



P 



LL 



r Wt - v; 



1=2 



p 



,i,R 



< C for all t G [0, ■ 



where k = \p^\ and i = \p^\- Then P[r > 1] > Po > where po depends only 
on C , K, and p^'^. 

Proof. Let P^; be the law under which {Wt,Vl'^) evolves as an SLE^ip^'^J 
process with a single force point of weight p^'^ with initial position x = Vq 
Let C = r A 1, A = {r > 1}, and 



Ut 



i=2 



P' 



,R 



Wt - Vt 



i,R 



and Mt 



where B is the standard Brownian motion driving W . We denote by {M)t = 
K lo ^s^s the quadratic variation of M at time t. By the Girsanov theorem 
|RY99t IKSQlj and the Cauchy-Schwarz inequality, we have that 

P,[A] =E [l^exp (M^ - \{M)^)] < (P[A]E[exp(2M^ - {M)^)]f^ . (5.4) 
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The optional stopping theorem implies that E[exp(aM^ — |a^(M)^)] = 1 for 
all a G R. Since (M)^ < C^/k, it consequently follows that 

E[exp(aM^)] < exp{j^C^a^) for a G R. 

Hence, E[exp(2M(^ — (M)^)] < Cq for some constant Cq depending only on 
C and K. Thus rearranging (5.4), we obtain P[A] > CQ^{Px[A]y. To finish 



the proof, we just have to argue that Pa;[^] is uniformly positive in x. This 
is clear when x > 2 since then the total amount of force V^'^ applies to W 
in the time interval [0,Q is bounded by |p^''^|. The result then follows since 
[A] is both continuous and positive for x G [0, 2]. □ 



Proof of Proposition 5^. We have already shown in Lemma 5/7 that r]' stopped 
at the first time a' it hits Tj^-^...^^{a) almost surely contains 'L{rj^^...^^,a), so 
we need to show that 'L{rj^^...^^,a) almost surely contains //'([O, a']). To this 
end, fix any r^'-stopping time t' such that r' < a' almost surely; we will show 
that P[?7'(r') G 'L{rj^^...^^,a)] = 1. This completes the proof since, by the 
continuity of r]', it suffices to have this result for a countable collection of 
stopping times (rj) such that {ri'{Tj)} is dense in r]'{[0,a']). 

Let K'^ denote the hull of rj' at time t, i.e. the complement of the un- 
bounded connected component of iS \ ri'{[0,t]). We begin by applying a 
conformal map ip: S\ (?7^-^...0j.([O, a]) U K'^,) — )■ H which takes rj^^...^^{a) to 
and ?7'(t') to oo. The boundary data for the corresponding GFF h := 



h o ip^'^ — X sj:g{ilj~^y on H is shown in Figure 5.7 in the special case k = 0. 
Let z_ and z+ be the images of the left and right sides of K'^, fl duS, re- 
spectively. We may assume without loss of generality that r' > almost 
surely, which in turn implies that z_ < < z+. We have only specified ip up 
to rescaling since we have only fixed the image of the two boundary points 
V<t>i-<j)ki^) ^-iid rj'^r'). Thus by choosing the scaling factor to be large enough, 
we may assume without loss of generality that z_ < —3 and > 3. 



It suffices to exhibit angles 6j satisfying (5.3) and stopping times (tj) such 
that the fiow line rj of the GFF h with angles 6i, . . . ,6e and angle-change times 
Ti, . . . , r£_i is unbounded as £ — )■ oo. To this end, we let 

Note that this particular choice may not lie in our fixed dense set of angles 



satisfying (5.3). It will be clear from the proof, however, that we can achieve 
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the same effect by approximating the 6j by elements of this set. Our stopping 
times will also not necessarily lie in our fixed dense subset of (0, oo), however, 
it will also be clear from the proof that the path we construct will still be 
contained in L(?70^...(^j., a) by the continuity of our angle varying trajectories. 
We now turn to the construction of rj. Let rji be the flow line of h + d±y 



which starts at and let be its Loewner driving function. By Lemma 4.6 
it follows that rji must hit R to the left of < —3 in finite time. Let ri 
be the first time t that < —2. Inductively let rjj be the curve which 
traces along r/j_i and then flows at angle 9j starting at ?7j_i(r,_i) and 
its Loewner driving function. Let tj be the first time t after tj-i that Wf 
enters (— oo, — 2] (resp. [2,oo)) if j is odd (resp. j is even). Then W^t>Tj_i 
is a solution to the SLEk(p) SDE with := k + j + 2, force points 

on each side of 0. The first k + j arise from the k + j angle changes and the 
last 3 come from the initial choice of boundary data. Let VJ*''^'"', t > Tj_i for 
q G {L, R} and 1 < z < + 1, denote the time evolution of the force points 
associated with Vr-'|t>f._i- 

To complete the proof, it suffices to show there exists i.i.d. non-negative 
random variables (Zj) with E[Zi] > such that, almost surely, T2j — T2j-i > 
Zj for all j. Indeed, the strong law of large numbers then implies 

i 

T2j > Zi oo almost surely as j — )■ oo, 

i=l 

hence the result follows from the diameter-capacity lower bound 



diam(?7j ( [0, Tj]) > cy hcap(r7j([0, r,]) = ca/tj- 

(the inequality is |Law05l Equation 3.8] and the equality follows since our 
curve is parameterized by capacity). 

-a' + {B2+^)x -A(l-(fl2-0ljf) A(l + (e2-9ljf) ^ b + B2X ^ A' + {62 - 7r) x 

-A' + (fl2+Jr)x -a + flax ' -A(l - (fla - fl'i)f ) A(*l + (92 - ) ' ' + (82 - tt)' 

Figure 5.8: The boundary data for Qr^iiVj) in the special case i = 2 and 
k = l. 

Note that V~'^f = [{-iy+'^2]~ , V~^'^f = [{-iy+'^2]+ (the left and right 
sides of (-1)^+^2, respectively), and = V~-_Y'^-^ for q e {L,R}. As- 

sume that j is even. By the monotonicity of the evolution of the V^''^''' (V^'^''' 
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is decreasing in t and V^' '■' is increasing in t), it follows that V^'^'^ < -2 for 
all i and t > rj_i and V'/'^'"' > 2 for all i > 2 and t > Tj_i. In particular, 
V^^'^'"' is the only force point which can bounce off of for t > tj^i when 
is in [—1, 1] and all other force points have distance at least 1 to . Let 
be the first time t after Tj_i that W/ = and 

= inf{t>0:l^^/ = l}A(0 + l). 

We are now going to check that , t > ^j, satisfies the hypotheses of 
Let p = (p^; p^) denote the weights of the force points of PV/, 



Lemma 5.10 
t > Tj_iS^ l<i<3 



1, note that 



e,_,)- and p''^ 



-P 



i,R 



(see Figure 5.8 for an example of this when £ = 2 and k = 1). In particular, by 
our choice of 9i, the weights p^''^, . . . , p'~^''^, q G {L, R}, only alternate in sign 
but have the same magnitude. Let Cq = Ip^''"]. We have \W^ — V^*''^'"'|~^ < 1 
for t > Tj^i when G [—1, 1] for all 1 < z < j — 1 for g = L and all 

fixed, when W/ G [—1,1] we have 

4,L 



2 < i < j for q = R. Thus since \W^ — V^*''^'"'| ^ is decreasing in i for t,j 



E 



P 



i,L,j 



< Cn and 



E 



< Co for t > Tj.i. (5.5) 



Moreover, there exists Ci > depending only on k, k, a, b, a', b', in particular 
not growing with j, such that 



N+l 



P 



i,L 



N+l 



P 



i,L 



< Ci for t > Tj_i 



(5.6) 



5.10 



when Wl G [—1,1]. Let J-"/ = a{rij{s) : s <t). Applying Lemma 
see that P[Cj — > 1|-^|J > Po > for po depending only on Cq, Ci, p^ 

which implies P[T2j — T2j-i > > Po > 0. This completes the proof. □ 



we 



Remark 5.11. The proof Proposition |5.9| requires two inputs: 
(i) T]' is almost surely a continuous path. 
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(ii) rjfj,^...^^0^...o^ almost surely hits the left side of ?7'([0,r']) or the side of 
duS to the left of zq when = | and almost surely hits the right side 
of ?7'([0,r']) or the side of duS to the right of zq when 6'^ = — |. 

We will show in Section [t] that (i)-(ii) hold whenever the counterflow line 
T]' and angle- varying flow line rj^-^...^!^ make sense (the SDEs for the Loewner 



driving processes have solutions). Combining this with Remark 5.8| implies 
that the light cone construction holds whenever 77' makes sense (i.e., is an 
SLEk(p'^;P^) process with ^^^j^p*'"^ > —2 for all 1 < j < \p'^\ and q e 



Taking a = in Proposition 5.9 allows us to construct the range of the 
entire counterflow line. We consider the result sufficiently important that we 
restate it as the following corollary. 

Corollary 5.12. The random set obtained by taking the closure ofri0-^...e^{[O, r^]) 



as 9i, . . . , 61 range over any countable dense subset of the interval (5.3) and 
Ti, . . . ,T£ over any countable dense subset of (0, 00) is almost surely equal to 
the range of the counterflow line r]' starting at zq. 

We will now show that the entire path of the counterflow line rj' is deter- 
mined by the light cone, not just its range. 

Proposition 5.13. Almost surely, rj' is determined by h. 



Proof. The proof of Proposition 5.9 implies that if r] is any angle varying 
flow line with angles satisfying (5.3) and o" is an 17 stopping time then //(a) is 
almost surely contained in the range of 7]'. Moreover, we can realize the entire 
range of rj' by taking the closure of F' := {//(a) : (77,0") E V x Q+j where 



V is the set of angle varying flow lines with rational angles satisfying (5.3) 



and rational angle change times and Q+ = Q fl (0, 00). Proposition 5.9 also 
allows us to order F' according to the order in which ?7(cr), (77, a) eV x Q+, 
is traced by rj'. Indeed, we can associate with the pair (77, a) E V x Q+ 
the light cone L(r7, a) of angle varying flow lines starting at 77(0") with angles 



restricted by (5.3). We know that L(77, a) is equal to the range of r/' stopped 
when it flrst hits 7/([0,(t]) (the point of intersection is always 77(0")). This 
implies that if {rj, cr), {rj, a) x Q^, then we almost surely have that either 
L(?7,o") C L(jj,d-) or L(77, a) C L(?7,cr). That is, the sets L{ri,a) are ordered 
by inclusion — which in turn orders rj'. □ 
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We finish this section by making two remarks. Our first remark is that we 



only needed to make use of maximal angles in the proof of Proposition |5.9 
though the range of r/' still of course contains those angle varying fiow lines 
in which the angles take on intermediate values. If f]Q^...Q^, is an angle varying 



fiow line with angle change times ri, . . . , r^.i where the 9i satisfy (5.3) and 
6i = ^(A — A') = |, then rig-^...eJ[Ti.i,Ti] traces the left boundary of rj' stopped 
at the time a' it first hits //^^...^^.([O, rj_i]) starting from rj\a'). The same is 
also true if 6*^ = -(A' — A) = — | but with left replaced by right. Thus we 
can view the light cone construction oi i] as a refinement of SLE duality, as 



described in Section HI (We remark that the simulations in Figures 1.13 



1.18 were generated using maximal angle changes). A fiow line with an 
intermediate angle 9 can be thought of as an angle-varying fiow line which 
only takes maximal angles, but oscillates between going maximally left and 
right at infinitesimal scales, with the rate of oscillation depending on the 
particular value of 9. 

Second, suppose that 9^< 9 are fixed angles. Then we define L(^, 9) to be 
the closure of the set of points which are accessible by angle-restricted tra- 
jectories with rational angles which li e in the interval [9_, 9] and with positive 



rational angle change times. Lemma 



5.7 



implies that if ^ > — ^ and 9 < 



2 ' 



then L(^, 9) is almost surely contained in the counterfiow line r/'. We are now 
going to argue that, in this case, L(^, 9) is actually almost surely determined 
by 7]' when k G (2,4). In particular, if G [— f , f], then the fiow line rjQ with 
angle 9 is almost surely determined by r]' . To see this, we first note that 
since k G (2,4) it follows that k' = 16/k G (4,8). This implies that t]' almost 
surely has Lebesgue measure zero |RS05j . which in turn implies that the law 
of h given rj' is the same as the law of h given both t]' and (the law of the 
integral of a smooth test function against h does not depend on the values of 
h on subsets of zero Lebesgue measure). We also know that L{9, 9) is almost 



surely determined by h (Lemma 5.6). Applying Proposition 3.7, we see that 
h is independent of L(^, 9) conditional on rj' (the law of h given rj' is equal to 
the law of h given rj' and L(^, 9) since L(^, 9) C rj'). This proves our claim. 

Proposition 5.14. Suppose that k G (2,4) so that k' G (4,8). For any 
— ^<9_<9<^,ri' almost surely determines L(^, 9). In particular, rj' almost 
surely determines rjg for any — | < 6* < | and rj' almost surely determines F 
where F is the closure of Ugrjg where the union is over any fixed, countable 
dense subset of [— |, |]. 
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6 Interacting Flow Lines 



Suppose that /i is a GFF on H with boundary data as in Figure |6.1[ For 
each 9, let 779 be the flow line of h with angle 9, i.e. the flow line oi h + 9x 
from to 00. Fix 9i < ^2 and assume a, 6 > are large enough so that 



Proposition 5.5 is applicable to r|Q-^ and rfe^ (the exact values of a, h will not 
be important for the applications we have in mind in Section [?]) . We know 
from Proposition 5.5 that rje^ almost surely is to the right of 776*2 • It i^ay 
be that rjQ^ intersects rjQ^, depending on the choice of 6^1, 6^2. The purpose 
of this section is to rule out pathological behavior in the conditional mean 
of h given rj0^,rj0^ (Section 6.1), in particular when they intersect, and to 
show that the Loewner driving function of rjg^ viewed as a path in the right 



connected component of H \ rje^ exists and is continuous (Section 6.2) and 
likewise when the roles of rjg^ and rjg^ are swapped. We will also explain how 
similar results can be obtained in the setting of multiple flow lines as well 
as counterflow lines. We will use these results in Section [7| to compute the 
conditional law of one path given the realization of a configuration of other 
paths, even if they intersect. 

We emphasize that, throughout this section, the results we will state 
and prove will be for paths which do not interact with the boundary. The 
reason for this restriction is that this is the class of boundary data for which 
we have the almost sure continuity of flow and counterflow lines at this 



point in the article (recall Remark 2.3 and |RS05] ) as well as the results 
of Section |4] and Section |5j Upon establishing Theorems L2 L5 in Section [7} 
the arguments we present here will imply that the conditional mean of the 
field given any configuration of fiow and counterflow lines does not exhibit 
pathological behavior and that the Loewner driving function of one path 
given the realization of a configuration of other paths exists and is continuous, 
at least until there is a crossing. 



6.1 The Conditional Mean 



By Proposition 3.5, we know that rje^ U rje^ (as a slight abuse of notation, 
throughout we wfll use r]o^ to denote both the path and its range) is a local 
set for h. Indeed, as a consequence of the special case of Theorem 1.2 we 



proved in Section 4.2, the conditionally independent union of rjg^ and rjo^ 
given h is almost surely the same as the usual union since rje-^ and rjo^ are 
both almost surely determined by h. Recall that if A is a local set for /i, then 
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y-02X .-A'-0iX 




(a) The boundary data for the con- 
ditional mean of h given flow Hnes 



(b) The boundary data for the con- 
ditional mean of h given flow lines 
r]ei,V ?7o,??e2 ^^i 9i < < 6*2. 



Figure 6.1: Suppose that 6i < 62 and rjg. is the flow hne of a GFF on H 
with the boundary data depicted above with angle 9i. Assume 61,62 and 
the boundary data of h are chosen so that Proposition |5.5| apphes to rjg-^ , rjg^ . 



Since rjg-^ U rjg^ is a local set for h, Proposition 3.7 implies that the boundary 
behavior of C„ 

of a 



^VBiUm^ agrees with that of C^^^ 
.r^g to the right of rjg^. Proposition 



3.6 



to the left of i^g^ and with that 
implies the same in the connected 
components of H \ {rjg-^ U rjg^) which lie between rjg-^ and rjg^, except at those 
points where rjg^ intersects rjg^. (There can only be two such points on the 
boundary of such a component, as illustrated.) In Proposition 6.1, we will 



show that these intersection points do not introduce pathological behavior 
into the conditional mean. The same result also holds when we consider 
multiple flow lines (see the right panel for the case 6'i < < ^2 and 77 := 770), 



as explained in Remark 6.7 



Ca is the orthogonal projection of h onto the space of functions which are 
harmonic off of A, which in turn can be interpreted as the conditional mean 



of h given A and h\A (see Section 3.2). By the continuity of rjg^ and rjg^ (recall 



we 



Remark 2.3), we know that all of the connected components of r]g^ \ rjg^ and 
^6*2 \ Vei are larger than a single point. Consequently, by Proposition 3.6 
know the boundary behavior of Cy^^^urjej away from rjg^ H r/^j: if z G rjg^ \ rjg. 
[zk) is a sequence in H \ {rjg-^ U rjg^) converging to z then 

^ve-,um2 (^fc) ~ (^fc) as /c cx) almost surely 



and 



and vice-versa when the roles of rjg-^ and rjg^ are swapped. Proposition 3.6 



implies the same is true at those points z which are at a positive distance 
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from either rjg-^ \ rjg^ or rjg^ \ rje^ and are contained in a connected component 



of 7]0^ n?7e2 which consists of more than one point. Also, Proposition 3.7 gives 
us that the boundary behavior of Cj^g^u??^^ agrees with that of C^^^ (resp. Cr^g^) 
to the right (resp. left) of r/g^ (resp. rje^). This leaves us to determine the 
boundary behavior of C^g^u^j in between rjQ^ and rjg^ at intersection points 
of Tje^ and rjg^. This is the purpose of the next proposition. Throughout, we 
let 

^(t) = %([0,t]) U r^e^ and = o-(r7ei(s) : s < t, 7702). (6.1) 

Proposition 6.1. Fix an J^t stopping time r. Let h he the conditional law of 
h given A{t) and let C he any connected component o/H \ A{t). Let dCi^L 
(resp. dCi^u) he the part of dC which is contained in the left (resp. right) 
side of Tjo^. Then h\c is equal in distrihution to a zero houndary GFF plus 
the function [)c which is harmonic in C with houndary data 

A' - OiX + X ■ winding on dQ^R D r/g^, 
-A' -OiX + X- winding on dQ^L n r]g., 

for i = 1,2 and which agrees with that of h on dH. 

See Figure |6.1| for an illustration of the boundary data described in the 



statement of Proposition 6.1 The main step in the proof is to show for 
z Eii\rig^ that CA{t) (z) has a modification which is continuous in t up until 
the first time rjg-^ hits z. Roughly, this suffices since pathological behavior in 
C^g^ujyoj ^ point zq = rjg^(to) for a time to when 77^^ intersects rjg,^ would 
correspond to a discontinuity in CA{t){z) at to- We begin by proving the 
following lemma, which implies that A{t) is a local set for h for every J-^ 
stopping time r. 

Lemma 6.2. Suppose that 771, . . . , r^^ are continuous paths such that for each 
1 < i < k, we have that 

1. ?7i([0, r]) is a local set for h for every rji stopping time r and 

2. rji is almost surely determined hy h. 

Suppose that ti is a stopping time for rji and, for each 2 < j < k, inductively 
let Tj he a stopping time for the filtration Fl generated hy rji \ [o,ri] , • • • , Vj-i I [o,tj_i] 
and rij{s) for s <t. Then U*Lir7j([0, Xj]) is a local set for h. 
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Proof. Let Aj = U]^^r7j([0, Xj]). Fix f/ C H open. We are going to prove 
that Aj nU = is almost surely determined by h\uc and that, on the event 
Aj nU = 0, Aj is itself almost surely determined by hlw^- This suffices by 



the characterization of local sets given in Lemma |3.4[ which we will in turn 
check by induction on the number of paths. The hypotheses of the lemma 
imply this is true for j = 1. Suppose the result holds for j — 1 paths for j > 2 
fixed. We will now show that it holds for j paths. Let be the first time 
that rjj hits U. The hypotheses of the lemma imply that rij{[0, rj^]) is almost 
surely determined by h\u<:- Observe 

{Aj n f/ = 0} = {Aj^i n f/ = 0} n {r^- < rf } 

and that {tj- < rj^} is almost surely determined by Aj_i and h\u<:- Thus on 
the event {Aj^iHU = 0}, we have that {tj < rj^} is almost surely determined 
by h\uc so that the event {Aj (lU = 0} is almost surely determined by h\uc. 
Moreover, on {Aj fl f/ = 0}, we have that Aj is almost surely determined by 
h\uc. This completes the proof of the induction step. □ 

We next prove the following simple lemma, which says that if X, Y are 
independent, Y is Gaussian, and X + Y is Gaussian, then X is Gaussian as 
well. 

Lemma 6.3. Suppose that X, Y are independent random variables such that 
Y ~ N{fiY,crl.) and Z := X + Y A^(/iz,(x|). Then X ~ N{fix,crj^) where 
fJ'X = fJ'Z — fJ'Y and = ~ cry- 

Proof. The proof follows from the calculus of characteristic functions. In- 
deed, we know that 

E[e'^^] = e'^i^y-^^-ll'^ and E[e*^^] = e'^i^z-y?oli2 _ 
Since X is independent of F, we have 

which allows us to solve for E[e*''*"^] to see that 

□ 
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Suppose that D C C is a non-trivial simply connected domain and that 
z E D is fixed. Recall that the conformal radius C{z]D) is the quantity 
|(/9'(0)| where 93 is a conformal transformation which takes the unit disk D 
to D with v^(0) = z. By the Koebe 1/4 Theorem |Law05t Theorem 3.16], 
the conformal radius of z is proportional to the distance of z to dD. Let 
C be the function which is harmonic in D and has the same boundary data 
as h. This is the same as the orthogonal projection of h onto the space of 
functions which are harmonic in D and can be interpreted as the mean of h. 
The following lemma gives us the law of Ca{z) for a local set A in terms of 
C{z]D), C{z]D\A), axidC{z). 

Lemma 6.4. Suppose that D C C is a non-trivial, simply connected domain. 
Let h be a GFF on D and fix z G D. Suppose that A is a local set for h 
such that C{z;D \ A) is almost surely constant and positive. Then Ca{z) 
is distributed as a Gaussian random variable with mean C{z) and variance 
\ogC{z;D)-\ogC{z;D\A). 

Proof. The Koebe 1/4 theorem |Law05t Theorem 3.16] implies there ex- 
ists non-random e > such that, almost surely, B{z,2e) C D \ A. Let 
denote the average of h on dB{z,e). By |DS08l Proposition 3.2], we 
know that h^{z) ~ N{C{z), — loge + logC{z] D)). Similarly, we know that 
h^{z) — E[h^{z)\A, HIa], conditional on A and h\A, follows the iV(0, — loge -|- 



\ogC{z; D \ A)) distribution (Proposition 3.1). This implies that 



h,{z) - E[h,{z)\A, /lU] ~ iV(0, - log e + log C{z; D\A)) 

(no longer conditioning on A and h\A', recall that C{z] D\A) is almost surely 
constant). Since E[/ie(2;)|A, /^U] is independent of h^{z) — Ei[h^{z)\A,h\A] 



(Proposition 3.1), Lemma 6.3 implies that 



E[/i,(z)| A h\A] ~ iV(C(^), hgCiz; D) - \ogC{z- D\A)). 

Since Ca{z) is harmonic in D \ A, we know that Ca{z) = Ei[h^{z)\A,h\A] 
almost surely, which proves the lemma. □ 



From Lemma 6.4 we obtain the following, which roughly says that the 
conditional mean at a fixed point given an increasing family of local sets 
evolves as a Brownian motion when it is parametrized by the log conformal 
radius: 
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Proposition 6.5. Suppose that D C C is a non-trivial simply connected do- 
main. Let h be a GFF on D and suppose that {Z{t) : t > 0) is an increasing 
family of closed sets such that Z{t) is local for h for every Z stopping time r 
and z E D is such that C{z; D\ Z{t)) is almost surely continuous and mono- 
tonic in t. Then Cz{t){z) — Cz{o){z) has a modification which is a Brownian 
motion when parameterized by log C{z; D\Z {0)) — log C{z; D\Z(t)) up until 
the first time t{z) that Z{t) accumulates at z. In particular, Cz{t){,z) has a 
modification which is almost surely continuous in t. 

Proof. For each s > let 

Ts{z) = mf{t > : log C {z; D \ Z{0)) -log C{z;D\Z{t)) = s}. 
Fix si < S2. Then Proposition |3.5 and Lemma [6 .41 imply that 



Cz(rs^)iz) - Cz(r,^){z) ~ iV(0, $2 - Si). 

Since Cz(ts.^){z) — Cz(ts^){z) is independent of Cz(ts^){z)-, the first part of the 
proposition follows since Cz(t(s)) has the same finite dimensional distributions 
as a standard Brownian motion. The second part of the proposition is obvious 
from the first. □ 

We now have all of the ingredients to complete the proof of Proposi- 
tion O 



Proof of Proposition 6. 1 . We first assume we are in the setting of Proposi- 



tion 5.5, so that h is a GFF on the strip S rather than H. The result for 



the GFF on H follows from absolute continuity (Proposition 3.2). Note that 



A{t) (recall the definition of A(t) from (6.1 )) is a local set for h by Lemma 6.2 
applied for the case k = 2. 

We start by working in the special case r = oo and we let A = A{oo) = 
f]ei U rjg^. First of all, since rjg-^ and rjg^ are almost surely continuous, the 
connected components of rjg-^ \ rjg^ and rjg^ \ rjg-^ consist of more than a single 



point. Consequently, by Proposition 3.5 and Proposition 3.6, we know that 



CA — Crig_^ tends to zero along any sequence of points (zk) which converges to a 
point that is contained in rjg-^ \ rjg^ or to a point in a connected component of 
V9i ^ % which contains more than a single point and is at a positive distance 



from either rjg^ \ rjg,^ or rjg,^ \ rjg^. Proposition 3.7 implies the same if (zk) 
converges to a point on the right side of rjg-^. Likewise, Ca ~C.ng^ converges to 
zero along any sequence of points {zk) which converges to a point in either 
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(a) Pocket closing time. 



(b) Pocket opening time; this is the same as a 
pocket closing time for a counterflow line r]g_^ 
whose left boundary is rjg-^ . 



Figure 6.2: Suppose that we have the same setup as in Figure |6.1| and that 
C is a connected component of H\ {rjg^ U?]^^ which hes between 770^ and rjg^. 
By the discussion in Figure 6.1, we know the behavior of C^g^ur^oj in C away 



from xq and yo, the first and last points of dC traced by rje-^, respectively. To 
rule out pathological behavior near xq, yo, with A{t) = 7]g^{[0,t]) U rjg^, we 
first prove that CA{t) has a modification which is continuous in t. We argue 
that the conditional mean does not behave pathologically at yo (illustrated in 
the left panel above) by taking a limit as t increases to the time r^e^ closes the 
pocket C opened at xo and invoking the continuity of CA{t)- At the pocket 
opening point xq, we can rule out pathological behavior by using that rjg-^ 
is almost surely the left boundary of a counterflow line rig^ (see the right 
panel) so that Xq is a pocket closing point of rj'g and an analogous continuity 
argument. 



Ve2 \ Voi OT to the left side of rjg^- This implies Ca agrees with [)c if C is either 
the unbounded connected component which lies to the right of rjg^ or to the 
left of rjg^. 

Suppose C is a bounded connected component of iS \ A. Then dC has 
two special points, say Xo,yo which are contained in both the ranges of tjq-^ 
and rjg^- To complete the proof for r = 00 in this case, we just need to 
show that the boundary behavior of Ca agrees with l)c at Xq and yo. Assume 
Xo = Vdii^o) yo = Vdii^o) for So < to- Proposition 6.5 implies CA{t){z) 
has a modification which is continuous in t since we know that A{a) is local 
for any J-'t stopping time a and rjg-^ is continuous (recall Remark |2.3 ). The 
continuity of CA{t){z) in t implies that Ca has the same boundary behavior 
as 1)0 near yQ since the boundary data of CA{t) agrees with that of f^c near yo 
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as t to- This leaves us to deal with the boundary behavior near xq. 



Let ?7g^ be the counterfiow line as in the proof of Proposition 5.5 whose 
left boundary is almost surely r/^i- Note that C is a bounded connected 
component of 5 \ A if and only if it is a bounded connected component of 
S \ {jiq^ Ur^eJ whose boundary contains arcs from both r/^^ and rjQ^. Since rje^ 



is almost surely the left boundary of ri'g , it follows from Proposition 3.7 that 
Cr)'g vjr)0^{.z) = Ca{z) for all z eC. An analogous continuity argument implies 
C^^ has the same boundary behavior as \)c near xq. Consequently, Ca 
also has the same boundary behavior as f)^ near xq. This completes the proof 
for r = oo. 

The case r < oo follows from the r = oo case. Indeed, we know that 



A{t) and A are both local, so we can apply Proposition 3.6 to get that Ca{t) 
has the same boundary behavior as f)c near xo,?/o since Ca{t) has the same 
boundary behavior as Ca near xq, ?/o- n 

There are a number of other situations in which statements very similar to 



Proposition 6.1 also hold. We will describe these informally in the following 



remarks. In each case, the justification is nearly the same as the proof of 



Proposition |6.1| and we are careful to point out any differences in the proof. 
Roughly speaking, the content is that the conditional mean of h does not 
exhibit pathological behavior, even when many different types of flow and 
counterfiow lines interact with each other. The rest of this subsection may 
be skipped on a first reading. 

Remark 6.6. All of the results that we state and prove here will be restricted 
to the regime of boundary data in which the flow and counterfiow lines do 
not interact with the boundary. The reason for this is that, at this point 
in the article, this is the setting in which we have the continuity of these 



curves (recall Remark 2.3 as well as |RS05 ]) and that they are determined 



by the field in the coupling of Theorem |1.1| (Section 4.2). Moreover, our 



results thus far regarding the interaction of flow and counterfiow lines are 
also restricted to this setting (Section [s]). In Section [7| we will complete the 



proof of Theorems 1.2 1.5, which together provide the missing ingredients to 
extend the arguments from this section to the setting of general piecewise 
constant boundary data without further modification. 

Remark 6.7 (Three flow lines). Suppose that 6'i < < ^2 and rj := 779. 



Assume that the boundary data of h is chosen so that Proposition 5.5 applies 



to T]9-^,r],r]g^. Then we know that r]e-^ lies to the right of 77 which in turn lies 
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to the right of t]^^, as in Figure 6.1 Let C be any connected component of 
H \ (ryei U Ty^j)- A statement analogous to Proposition 6.1 also holds for the 
conditional law of h given rig-^^,rje2, vil'^y '^]) where r is any stopping time 
for the filtration J^t = (^ivi^) '■ ^ Vei,V02)- This is depicted in the right 
panel of Figure 6.1, Let A{t) = rjo^ U ^^([O, r]) U rjQ^. Just as in the proof of 
Proposition |5.5[ the general theory of local sets allows us to determine the 



boundary behavior of Ca{t) at all points with the exception of those points 
where some pair of ^^([O, r]), r^e^, r^^a intersect. We can, however, reduce the 



three flow line case to the two flow line follows. Proposition |3. 6| allows 

us to compare Ca(t) with Ca where A = rjQ^U rjU rjQ.^. The latter does not 



exhibit pathological behavior at intersection points because Proposition |6.1 
applies to both Cj^urje^ and Cr^g^ur^ and Proposition 3.6 and Proposition 



together imply that Ca has the same boundary behavior as Criur/g^ 
right of 7] and the same as Crjg ur? to the left of rj. 



3.7 



to the 




Figure 6.3: Suppose that h is a GFF on H with boundary data as on the 
left side; assume a,b > are large. Let rj be the zero angle flow line of h. 
Fix angles 9i, 62 and let rjo^g^ be an angle-varying flow line with angles ^1, 62- 
Assume \6i — ^2! < tt so that '^0^92 is simple (Lemma 5.6 we will relax this 
to 16*1 — 6^2! < 2A/x in Section [?]) and that ri0^B2 passes to the right of 77 (we 



will show in Proposition 7.11 that ^1, ^2 < is a sufficient condition for this 
to be true). The boundary data for Ca{t) for A{t) = ri{[0,t]) U rjQ-^^g^ and r 
an J^t = a{rj{s) : s < t, rig-^g^) stopping time is depicted in the left panel. 
Changing the coordinates of the left side of H \ rjg-^g^ to H by a conformal 
map ip which preserves and 00 yields a GFF whose boundary data is as on 
the right side. 



Remark 6.8 (One flow line and one angle varying flow line). The next analog 



of Proposition 6.1 which we will describe is when we have a flow line r] and 
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an angle varying flow line rig^...0^ with angles 6i, ... ,6k and with respect to 
the stopping times ri, . . . , Tk-i- We assume that \6i — 6j\ < tt for all pairs 
This implies that r]g^...e^ is simple, almost surely determined by h, and 



continuous (Lemma 5.6; in Section^ we will be able to relax this to the case 



that 16*4—^^^1 < 2A/x, which is the condition which implies that rfQ^-ek does not 
cross itself). We assume that rje^.-e,, almost surely stays to the right of rj (in 



Proposition 7.11 we will prove that ^i, . . . , 0^ < is a sufficient condition for 
this to be true). Let A{t) = ry([0, t]) Ur^ej-.-efe and J-j = cr(?7(s) : s <t, rj0^...0^,). 



Lemma 6.2 implies that A{t) is a local set of h for every J^t stopping time 
r. The boundary data for Ca{t) is described in Figure 6.3 in the special 
case k = 2. The proof of this result is exactly the same as for the non-angle 
varying case: we rule out pathological behavior at pocket opening times using 
the continuity of CA{t) in t and at pocket closing times by using the analogous 
quantity with t] replaced by the counterfiow line rj' whose right boundary is 
the range of rj. 

Remark 6.9 (Counterfiow line between two flow lines). We will now describe 



a version of Proposition |6.1 which holds for counterfiow lines (see Figure 6.4 ). 
This result is easier to describe on the strip S. Assume h is a GFF on S 



whose boundary data is as in the left side of Figure |6.4| where the constants 



a 



b,a',b' are chosen so that Proposition 5.1 applies. Let rjQ^^rjQ^ be the flow 



lines of h emanating from with angles 

^i<-^ = -(A'-A)<-(A-A') 
2 X X 



TT 



2, 



respectively, and let rj' be the counterflow line emanating from zq. For any 
stopping time t' for the filtration J^t = a{rj\s) : s < t, rjQ^^rjo^), we let 



A{t') = rigj^Ur]' {[0,T'])Urig2, which is local by Lemma 6.2, and A = rjg^Urj'Urig^. 
Suppose that C is any connected component of iS \ {rjg-^ U rjg^) which lies 
between rjg-^ and rjg^. Then C\ri' consists of three different types of connected 
components: those whose boundary does not intersect the outer boundary of 
T]', those whose boundary intersects rjg-^, and those whose boundary intersects 
rig^. Proposition 3.7| implies that Ca in C has the same boundary behavior 
as Cr)' in the former case. The connected components which intersect r/g-^ 
are the same as the connected components of S \ {rjg^ U rjn) which intersect 
C and Tjg^, where rj^ is the fiow line of angle ^(A' — A) = — |, since rjji is 



the right boundary of r/'. Proposition 3.6 and Proposition 3.7 thus imply Ca 
agrees with C^^ujyoj in these connected components, so we have the desired 
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Figure 6.4: Assume that h is a GFF on the strip S whose boundary data is 
depicted in the left panel Let Oi < -{X' - X) = and ^2 > -(A - A') = f • 
Assume that the boundary data of h is such that Proposition 5.1 apphes. 
Then we know that r^e^ and rjo^ pass to the right and left, respectively, of the 
counterflow line rj' of h starting at zq. Let C be any connected component 
of S\ (jiQ^ U Tje^) which lies between rj0-^ and 7702 let r' be a stopping time 
for the filtration Ft = (^{rj'^s) : s < t, rje^.rje^) such that rj'{T') G C almost 
surely. Then C^g^ur?'([o,T'])u7y92 in C has the boundary behavior depicted on the 
left side. Let if) be the conformal map which takes the connected component 
Co(r') of C \ ?7'([0, r']) which contains Xq to S where Xq is sent to and the 
left and right sides of Co(r') which are contained in rjo^ and 77^^, respectively, 
are sent to (— cxd,0) and (0, 00), respectively; wq = tpirj' {j')). The boundary 
data for the GFF h o — ;\; arg('?/'~^)' is depicted in the right panel. 



boundary behavior here (Proposition 6.1 ). The same is likewise true for those 
which intersect rjo^ . The case where r' < 00 follows from the r' = 00 case by 



Proposition 3.6 using the same argument as in the proof of Proposition 6.1 



Remark 6.10 (Counterflow line which contains flow lines, 
have the same setup as Remark 6.9 Let I : = 



). Assume that we 
If 9i e /, then by 

Lemma 5.7 we know that rjQ. is almost surely contained in the range of r}' . 



2 ' 2J 



Results analogous to those described in Remark 6^ also hold in the case 
that one or both of 9i < 62 are contained in I. We will describe this in a 
bit more detail in the case 61,62 G /. Fix any connected component C of 
S \ {jie^ U Tjo^) which lies between rie^^rjg^. Since 77' hits the points of rje^^rje^ 



in reverse chronological order (Lemma 5.7), the connected components of 
C \ ri' are all completely surrounded by rj' . Thus the boundary behavior 
of Ca in the connected components of C \ r^' agrees with that of Cr,' by 
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Figure 6.5: Assume that h is a GFF on the strip S whose boundary data 
is de pict ed in the left panel where the constants are chosen so that Proposi- 
tion Isll applies. Let i(A' - A) = -f < 01 < 02 < f = -(A - A'). Then rje^ 
and ri02 are both contained in the counterfiow line rj starting at Zq. Let C be 
any connected component of S\{r]g-^ Ut^^J which lies between rjg-^ and rjg^ and 
let t' be a stopping time for the filtration J^t = o'iv'i^) '■ ^ % 5 % ) such 
that ri'{r') G C almost surely. Then C^g^ur;'{[o,T'])UT?e2 in C has the boundary 
behavior depicted on the left side. Let Co(t') be the connected component 
of C \ ri'{[0,T']) which contains Xq and let ip: Co(r') — > 5 be the conformal 
map which sends Xq to and the left and right sides of Cq{t') which are 
contained in r]g^ and ?7e^, respectively, to (— oo, 0) and (0, oo); wq = lijirj'ij')). 
The boundary data for the GFF ho%p~^ — ^ axg{ip~^y on S is depicted in the 
right panel. A similar result also holds when only one of the rjg^ is contained 
in 7]' . 



Proposition 3.6 and Proposition 3.7 



Fix a stopping time r' < oo for the 
7/^2 ) and assume that C is a connected 
G C almost surely. Proposition 3.7 



filtration = '■ s < t, rjg^ 

component of S\{rjg-i^Urig^) such that rj'^r') 
implies that Ca{t') has the same boundary behavior as C^/ in the connected 
components of C \ri'{[0, t']) which are surrounded by ^^'([O, r']). This leaves 
us to deal with the boundary behavior of Ca{t') in the connected component 
Co(t') of C \t]' {[0 , t']) which contains Xq, the first point in dC traced by both 
r]g^ and r]g^ 



This is depicted in Figure 6.5 



We can rule out pathological behavior at points where rj' intersects either 
rjg-^ or rjg^ in Cq{t') as follows. First, we assume that r' is a rational time. 
Then we can sample Cq{t') by first picking ?7'([0,r']) then, conditional on 
r]'{[0,T']), sample r/^i and rjg^ up until the first time they hit ?7'([0,r']). It is 
easy to see by the continuity of the conditional mean (Proposition 6.5) that 
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Ca{t') has the desired boundary behavior where ?7'([0,r']) intersects TjQ^^rjQ^. 
We now generahze to J^t stopping times t' which are not necessarily rational. 
First assume that ti'{t') ^ rjg^Urje^. Suppose that r is any rational time. Then 
on the event that neither A{t') \ A{r) nor A{r) \ A{t') intersects rjo^ U rje^, 
we know that the points in (9Co(r') where ?7'([0,r']) intersects r^g^ U rjQ^ are 
the same as those in (9Co(r). Proposition 3.6 thus implies that CA{r) has the 



same boundary behavior as Ca{t') near these points. This covers the case 
that 77'(r') is not in r]Q^ Ur^^a because the continuity of rj' implies there almost 
surely always exists such a rational. If, on the other hand, rj'ij') is in rjg^ l-lrjg^, 
then the desired result follows from the continuity of the conditional mean 
(Proposition 6.5) by first sampling rjg^ U rjg^ and taking a limit of CA{t) as 

Remark 6.11 (Counterflow line and an angle varying flow line). Suppose 
that we have the same setup as in Remark 6^ and Remark |6.10 except 
now we replace the flow lines rjg-^ , rjg^ by a single angle varying flow line 
with angles 6^1, 6*2 which satisfy 16*1 — 6*2! < tt (so that rjg-^g^ is simple, almost 



surely determined by h, and continuous (Lemma 5.6); we will relax this 

1^1 



to 16*1 — ^^2 1 < 2A/x in Section [7]) and such that rjg-^o^ almost surely does 
not intersect dS except at its starting point. We further assume that rjg-^g^ 
almost surely lies to the right of the left boundary of r]' (we will prove in 
that ^1, 6'2 < I is a sufficient condition for this to hold). Let 



Proposition 



7.11 



A(t) = 77' ([0, tj) U?7eje2 and J-'t = a{rj'{s) : s <t, rjg^g^). By Lemma |6.2[ know 
that A{t) is a local set for h for every J-^ stopping time r. The boundary 



data for Ca{t) is described in the left panel of Figure 6.6 in the special case 
that rj' contains part of r]g^g^. The justification of this follows from exactly 



the same argument as in Remark 6.10 The case when r]g-^g^ is disjoint from 



T]' is analogous and follows from the argument in Remark 6.9 



One other case that will be especially important for us is when we have 
two angle varying fiow lines rii,ri2 which actually cross each other along with 
a counterfiow line 77'. Since we have not yet discussed crossing of fiow lines, 
we will defer the discussion of the case until Section [7l 



6.2 Existence and Continuity of Loewner Driving Func- 
tions 

The purpose of this subsection is to establish the existence and continuity of 
the Loewner driving function of rjg^ , viewed as a path in the right connected 
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Figure 6.6: Assume that h is a GFF on the strip S whose boundary data is 
depicted in the left panel. Let rjg-^g^ be an angle varying flow line of h with 
angles 61,62 satisfying \6i — 62\ < 71 so that rjo^^g,^ is simple (Lemma 5.6l we 



will relax this to \6i — 62] < 2A/x in Section [?]). Let r]' be the counterfiow 
line of h starting at zo and assume that r/g^^j almost surely lies to the right of 
the left boundary of rj' (we will prove in Proposition 7.11 that ^1, ^2 < f is a 
sufficient condition for this to hold). With A{t) = //'([O, t\) Urje-^e^ and r' any 
J^t = cr(?7'(s) : s <t, rjg-^g^) stopping time, we know that A{t') is a local set 
for h. The boundary data for C^(t-/) is depicted on the left hand side above in 
the special case rj' contains part of r7eie2- Let C be the connected component 
of iS \ r^e^e^ which lies to the left of rig^g^ and let Co(t') be the connected 
component of C \ t]'{[0,t']) which contains 0. With ip: Co(t') S the 
conformal map sending to 0, the part of dCo^r') contained in rjg^g^ to (0, 00) 
and (—00, 0) to (—00, 0), the boundary data for the field ho^ip'^ — ■xaig^ip'^)' 
is depicted on the right side {wq = ifjij^'ir'))). Analogous results hold when 
Tjg^g^ does not intersect or enter the hull of rj' or we have more angles 61, ... ,6k- 



component of H \ rjg^. We will also describe related results which hold in 
the setting of multiple flow lines and counterflow lines. We begin with the 
following proposition, which gives criteria which imply that a continuous 
curve ?7 in H starting from has a continuous Loewner driving function. 

Proposition 6.12. Suppose that T G (0, 00]. Let rj: [0, T) H be a con- 
tinuous, non-crossing curve with 77(0) = 0. Assume rj satisfies the following: 
for every t G (0, T), 

(a) ri{(t,T)) is contained in the closure of the unbounded connected compo- 
nent of 'H.\r]{{0,t)) and 
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(b) 1] ^{ri{[0,t]) U R) has empty interior in {t,T). 

For each t > 0, let gt be the conformal map which takes the unbounded 
connected component 0/ H \ ?7([0, t]) to H mt/i lim^^oo \9t{z) —z\=0. After 
reparameterization, {gt) solves the Loewner equation 

2 

dtgt{z) = —— — , ^o(^) = 0, 

9t{z) - Ut 

with continuous driving function Ut- 

Roughly speaking, the first hypothesis states that 77 never enters a loop 
consisting of either its own range or part of upon closing it. The second 
condition intuitively means that 77 traces neither nor itself. 

Proof. The proof is essentially the same as that of |Law05t Proposition 4.3], 
though the statement of |Law05t Proposition 4.3] contains the stronger hy- 
pothesis that Tj is simple. □ 

The main step in our proof that rjg^ admits a continuous Loewner driving 
function as a continuous path in the right connected component of H \ 7702 is 
that the set of times t that r]e^ (t) is contained in the range of rje^ is nowhere 



dense in [0, 00). The reason this holds is explained in Figure 7.1 and is proved 



rigorously in Lemma 6.13 




Figure 6.7: The set of times I that rje-^^it) is contained in rje^ almost surely 
cannot contain an open interval. Indeed, the contrary would imply that 
{^veiUv92 ~X 'Winding) converges to both X' — 9iX and X' — O2X as Zk converges 
to a point in an interval of intersection on the right side of rjQ^ fl rjo^. This is 
the key step to showing that rjg^ has a continuous Loewner driving function 
viewed as a path in the right connected component of H \ r/^j . 
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Lemma 6.13. Let ip be a conformal map which takes the right connected 
component o/H \ r/g^ to H with ip{0) = and ip{oo) = oo. Then ipirje^) has 
a continuous Loewner driving function viewed as a path in H from to oo. 



Proof. Since rjg^ is almost surely continuous (recall Remark 2.3), the right 
connected component C of H \ rjg^ is almost surely a Jordan domain. Thus 
ip extends as a homeomorphism C — > H, so that ipirje^) is almost surely a 
continuous path in H from to oo. 



We will now argue that the first criterion of Proposition 6.12 holds in 
this case. The reason is that the only way this could fail to be true is if the 
following occurs. After intersecting rje^, say at time to, rje-^ enters a bounded 
connected component Co of H \ (r7ei([0, to]) U 7702). Since rjg^ lies to the right 
of rjg^, this would force rjg-^ to have a self intersection upon exiting Cq. This 
is a contradiction since rjg-^ is a simple path. 



To check the second criterion of Proposition 6.12, it suffices to show that 
the set / of times t G [0, 00) such that rjg-^ (t) is contained in the range of rjg^ is 
nowhere dense in [0, 00) almost surely. Indeed, we note that we do not need 
to check that ip{rig-^) does not trace itself because we know that rjg-^ does not 
trace itself. Since / is closed, it suffices to show the event E that / contains 
an open interval has probability zero. Suppose for sake of contradiction 
that P[E] > 0. Let J-" = a{rjg^,rjg^). Let To be an J^-measurable random 
variable taking values in [0, 00) such that on E is almost surely contained 
in an open interval Iq of /. Since rjg^ and rjg.^ are both simple paths, on E 
we can find a sequence of points (2;^) contained in the right component of 



H\ [rjg^ U 77612) converging to rig^{TQ). Note that we can apply Proposition 3.6 
to C^g^u»?(,2 evaluated at rig^^iTo) since r]g^{Io) is connected and contains more 



than one point. This leads to a contradiction since Proposition |3.6| thus 
implies {Crjg_^urig^{zk) — X ' winding) converges to both 

A' - 9ix and A' - 62X'-, 



see Figure 6.7). □ 



In the following series of remarks, we will describe results analogous to 



Lemma 6.13 which hold for a number of different configurations of fiow and 



counterfiow lines. In each case, the proof is roughly the same as Lemma [6.13 
except for minor modifications which we are careful to point out (we will in 
particular not explain in each case why the relevant path does not trace 
itself). Although this might seem pedantic, we felt obliged to treat each case 
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separately for the sake of completeness. The reader should feel free to skip the 
remainder of this section on a first reading. Remark 6^ also applies here: the 
subsequent remarks will prove the continuity of the Loewner driving function 
of one path given several others, restricted to the regime of boundary data 
in which the paths do not intersect the boundary. 



Once Theorems 1.2 1.5 



have been proven in Section [7| the arguments we present here will also work 
without modification in the regime of general piecewise constant boundary 
data. 



Remark 6.14. The result of Lemma [6. 13| extends to the setting of multiple 
flow lines. Suppose that 9i < < 02 and rj := tjq is the flow line with angle 
0. Let C be any connected component of H \ (r^^^ U rjg^) which lies between 
rjg-^ and rje^ and let xo,yo be the first and last points on dC traced by rjg^. 
Let ip: C ^ H a conformal map with ipi^o) = and ipiuo) = oo. Then ijj{r)) 
has a continuous Loewner driving function as a curve in H. The justification 



that the first criterion of Proposition 6.12 holds is exactly the same as in 
the setting of two flow lines. As before, we also know that ip extends as a 
homeomorphism C — t- H since C is a Jordan domain by the continuity of 
rje-^ and rjg^. The proof of Lemma 6.13 implies that the set of times t that 



■r]{t) is contained in the range of either rjg^ or rjg^ is nowhere dense in [0, oo) 



Therefore the second criterion of Proposition 6.12 also holds 



Remark 6.15. A version of Lemma 6.13 also holds in the setting of angle 
varying flow lines. In particular, we suppose that 9i, ... ,9k G R and that 
rie-^...0f, is an angle varying flow line with these angles starting at 0. We 
assume 9i, ... ,9k are chosen so that rjo^.-e^. almost surely stays to the right 
of rj, the zero angle flow line of h (we will prove in Proposition 7.11 that 
^1, . . . , < is a sufficient condition for this to hold). We moreover assume 
that \9i — 9j\ < vr for all pairs 1 < "i, j < A; so that by Lemma 5.6 we know 



that Tje^-.-ek is almost surely continuous and determined by h (we will relax 
this to \9i — 9j\ < 2\/x in Section [?]). Let C be the left connected component 
of H \ riQ^...Qf, and let : C — )• H be a conformal map which preserves and 
oo. Since C is a Jordan domain, extends as a homeomorphism to dC. 
Then il){ri) has a continuous Loewner driving function as a path from to 
oo. The proof is the same as Lemma 6.13 



Remark 6.16. We will now describe an analog of Lemma [6.13| which holds 
in the setting of counterflow lines. In order to state this result, we will for 
convenience work with the GFF h on the strip S rather than H. We assume 



the boundary data for h is as in Figure 6.8, let r]' be the counterflow line 
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Figure 6.8: Suppose that /i is a GFF on the strip S, rjg-^^rio^ are flow hues 
with angles -(A' - A) = -f < 9i < 62 < -(A - A') = f so that r]e^,r]g^ 
are almost surely contained in the range of the counterflow line rj . Fix any 
bounded connected component C of 5 \ {rje^ U rjg^) and let xq be the first 
point on dC traced by r/^i and let z/q be the last. The boundary data for 
Cr)e^vjr)'vj'q0^ is depicted above. For every pair of rationals r < s, we almost 
surely have that //'((r, s)) does not contain a non-trivial interval of and stay 
to the right of rjg^ or a non-trivial interval and stay to the left of rjg^ . Indeed, 
this would lead to the contradiction that C^g^ury'urjej takes on two different 
values on ^^'((r, s)) fl dC. This is the analog of Figure 6.7 for boundary filling 
counterflow lines and is the key observation for showing that rj' viewed as a 
continuous path in C admits a continuous Loewner driving function. 



starting at Zq, and tiq^.tiq^ be the flow lines of h starting at with angles 
^1, 62- We assume that a, 6, a', h' are sufficiently large so that Proposition 5.1 
applies to rig^,ri0^, and 77'. We first consider the case 9i < ^(A' — A) 

right of rj' and rjg^ passes to its left. Let 



and 



5.1 



we have that rjg^ passes to the 



so that by Proposition 

/' be any connected component of 
5\(?76)^U?702) which lies between rjg-^ and rjg^ and xq the first point on dC traced 
by 1]0^ and i/q the last. Let C — > H be a conformal transformation with 
ip{xo) = 00 and ip{yo) = 0. Since r/g^ and rjg^ are continuous, C is a J ordan 



domain so that i/j extends as a homeomorphism C — )■ H. As in Remark 6.14 



the set / of times t that -q^t) is contained in rjg^Urjg^ is nowhere dense in [0, 00). 
The reason for this is that the left (resp. right) boundary of rj' is rji (resp. 
rjji), the flow line of h with angle -(A — A') = f (resp. -(A' — A) = — f ) (recall 
Proposition 5.9) and we know from the proof of Lemma 6.13 that rji fl rjg. 
(resp. 7]ii n rjo-) is nowhere dense in rjg. for i = 1,2. Therefore the second 
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criterion of Proposition |6.12 holds. In order to see that the first criterion 
holds, suppose that rj'{tQ) is contained in the range of r/^i- Then //'(to) is also 
in the right outer boundary rjfj of 1]'. This implies that it is impossible for rj' 
to turn into a connected component of C \ ri'{[0,to]) which does not contain 



Xq because it would contradict Lemma 5.7 (see also Lemma 4.7), that rj' hits 



points in rjji in reverse chronological order. A symmetrical argument applies 
in the case T]'{to) is contained in the range of t]0,^. Therefore ipiv') has a 
continuous Loewner driving function path in H. 

Remark 6.17. This is a continuation of the previous remark, in which we 
now consider the case that both 9i < 62 lie in the interval / = [— f , f] (the 
case that only one of the 9i are in / follows from an analogous argument). 
Let C,Xo,yo,ilj be as in the previous remark. We will first argue that the 
part of rj' which traces through C is a continuous path in C. To see this, let 
T = inf{t > : f]'{t) = yo} and a = inf{t > : r]'{t) = xq}. Lemma 5.7 (see 
also Lemma 4.7) implies that rj' hits the points in r^e^ in reverse chronological 
order. This implies a > r almost surely. Let 77^ be the path with [o,t] = Vo, 
v'clw.oo) = • We will now describe [^g.]. Let D = S\C. Since D is open 
and rj' is continuous, J = {ri')~^{D) C (0, 00) is open. We can write J = UkJk 
where the Jk = {ak, bk) are pairwise disjoint open intervals in (0, 00). Suppose 
that Jk C (r, 0"). Since rj' hits the points of iii reverse chronological 

order (Lemma |5. 7 and Lemma 4.7), it must be that Xk '■= rj' 
= Xk and r]l,\[r,a]\j = v'\[T,a]\j 



ak) = v'ih)- We 
Then rj'^ is clearly a continuous 



set VcllakJ'k _ 

path in C which agrees with rj' at times when it is in C. 

We will now argue that ipivc) a continuous Loewner driving function 
by checking the criterion of Proposition 6.12 In order to check the first 



part of the proposition, it suffices to show that T)'^{{t, 00)) is contained in the 
closure of the connected component of C\?7^((0,t)) which contains Xq. This 
is true because ((t, 00)) = ri'{(t, 00)) fl C. Since rj' cannot cross itself and 
hits the points of r^^i and rje^ in reverse chronological order, it is obvious that 
r]'{(t, 00)) nC has this property. We now turn to check the second hypothesis 
of the proposition. Suppose that < r < g are rational. If rj'Q{{r, q)) contains 
a non-trivial interval of and is contained in dC, then r]'{{r, q)) also contains a 
non-trivial interval of dC and is contained in D. This leads to a contradiction 



as described in Figure 6.8 Thus, almost surely, 77^ does not contain a non- 
trivial interval of rjg-^ or rjg^ in any rational time interval. This completes the 



proof that r]' satisfies the second criterion of Proposition 6.12 



Remark 6.18. This is a continuation of the previous remark. Let rig^...g^ be 
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an angle varying flow line of h with angles 6i, . . . ,6^. We assume that the 
boundary data of h is such that both rj' and 'qe-^^-e^ almost surely intersect dS 
only at and zq. Assume that \0i — 6j\ < tt for all i.j so that rjo^-e^. is simple, 



continuous, and almost surely determined by h by Lemma 5.6 (This can be 
relaxed to \9i — 6 j\ < 2\/ x upon proving that such angle varying paths are 
almost surely continuous and determined by h. This will be accomplished 
in Section [?]). Moreover, assume that rfe^-.-ey, stays to the right of the left 
boundary of rj' (we will prove in Proposition 



7.11 



that 6*1, 



Ok < 



IS a 



sufficient criterion for this). Then 7]', viewed as a path in the left connected 
component of iS \ fjoj^-.e,, almost surely has a continuous Loewner driving 



function. The proof of this is the same as that given in Remark 6.16 and 
Remark 16.171 

There is one more configuration of paths that will be important for us: 
two angle varying flow lines rji , r]2 and a counterflow line t]' where rji and 772 
actually cross each other. We defer this case until after we study the crossing 



phenomenon of flow lines in Section 7.2 



7 Proofs of Main Theorems 



In this section, we will complete the proof of Theorems 1.2 1.5 



start in Section 7.1 by proving Theorem 



in the special case of two force points x 



We will 

1.2 and Theorem 1.3 for k, G (0,4] 
and 



p^,p^ > —2, respectively. 



Theorem 1.2 for k 

case 



: 0~ and X = 0^ with weights 
Then by an induction argument, we will deduce 
G (0, 4] in complete generality from the two force point 



The proof of these results will also imply that the monotonicity result 
for flow lines established in Section [5] holds in the regime of boundary data 



which is constant on (— cxo,0) and on (0,cxd). Next, in Section 7.2, we will 
extend the monotonicity result further to cover the case of flow lines of GFFs 
with general piecewise constant boundary data and then, from this, we will 
extract the monotonicity of angle varying flow lines. This is one of the 
key tools that we will use in Section 7.3 to prove Theorem 1.3 for k, G 



(0,4] in the setting of multiple force points, at least up until just before the 
continuation threshold is hit. We also prove Theorem 1.5 in Section 7.2 



that flow lines with the same angle almost surely merge upon intersecting 
and never separate and that flow lines with different angles may cross upon 
intersecting (depending on their relative angle), after which they may bounce 
off of each other but never cross again. The latter will then allow us to prove 
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Theorem 1.3 for k G (0,4], even up to and including when the continuation 



threshold is hit. We continue in Section [7^ by explaining the modifications 
necessary to prove Theorem L2 and Theorem [1.3 for k! > 4. We will also 
extend the light cone construction of Section [5] to the setting in which the 
counterfiow line can interact non-trivially with the boundary. Finally, in 



Section 7.5, we will combine all of the machinery we have developed in this 
article to show that the fan F — the set of points accessible by fiow lines 
of different (but constant) angles starting from an initial boundary vertex x 
(recall Figures 1.2-1.5, and 1.16) — almost surely has zero Lebesgue measure 
for ft e (0,4). 



7.1 Two Boundary Force Points 




Figure 7.1: Suppose that /i is a GFF on H with boundary data as shown 
in the illustration on the left hand side. Suppose 6^1 < < 6*2 and let rjo^ be 
the flow line of h starting from with angle 9i, i.e. the flow line oi h + diX- 
Assume a, h are chosen sufficiently large so that Proposition |5.5 applies to 
r]g-^,7]02, and rj, the zero angle fiow line of h. Then rjg-^ almost surely lies to 
the right of 1] which in turn almost surely lies to the right of rjg^. We will 



prove in Lemma 7.1 and Lemma 7.2 that, conditionally on 7]e^,r]g^, the law 



of T] in every connected component C of H \ (r^^^ U 776*2) which lies between rfg^ 
and rjg^ is independently that of an SLEk(p'^; p^) process with p^ = 92j — 2 



and = —OiT — 2 and, moreover, is almost surely determined by h\ 



c- 



Setup. Fix a, 6 > and let /i be a GFF on H with boundary data as in the 

Fix 6'i < < 6'2 and let r]0^ be the fiow line of h with 
2. That is, rjo. is the fiow line oih + 9iX, for i = 1,2. Let r] be 



left side of Figure 7.1 
angle 9i, i - 

the (zero angle) fiow line of h. Assume that a, b are chosen sufficiently large 
so that Proposition 5]5] applies to rjg-^, r], and rjg^. Thus we know that rjg-^ lies 
to the right of 77 which in turn lies to the right of rje^- By Theorem 1.2, in 
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a certain non-boundary-intersecting regime, which we proved in Section 4.2 
we know that rje-^, rj, and rig^ are all almost surely determined by h. Fix a 
connected component C of H\ (r/e^ Ur/eJ which lies between rjg-^ and rje^. (The 
particular way that we select C will ultimately be unimportant since what 
we will argue holds for all such C simultaneously. One example of an explicit 
rule for selecting C would be to fix a positive integer k and a countable, 
dense sequence (r„) of points in C and consider the subsequence containing 
those Ti that lie between rje-^ and rje^; we may then let C be the component 
containing the kth element in the subsequence.) Let xq be the first point in 
dC traced by rjg-^ and z/q the last. Let he be the restriction of h to C and 
?7c the restriction of r] to the time interval in which it takes values in C. Let 
ip : C —> H he a conformal transformation which sends Xq to and i/q to oo 
(the scale factor can be determined by an arbitrary rule — e.g., by requiring 
the kth element in the subsequence discussed above to map to a point on the 
unit circle) and let = h o ip'^ — xarg(?/'~^)' be the GFF on H given by 



the coordinate change (1.4) of he under zp. 

To complete the proof of Theorem 1.2 for k, G (0, 4] with two force points 
p^,p^ > —2, we will show the following: 

1. 1]^ is almost surely determined by h^. 

2. 7]^ ~ SLE^{p^; p^), and by adjusting 9i,92 we can obtain any pair of 
weights p^,p^ > —2. 



Theorem 1.3 for n G (0,4] with two force points p^,p^ > —2 then follows by 
showing that r]^ is almost surely continuous. We will accomplish these two 
steps in the following lemmas. 

Lemma 7.1. We have that r]^ ~ SLEf^{p^; p^) where the weights p^,p^ are 
given by 

p = r 2 and p = — 2 

A A 

and correspond to force points at O"*" and 0~ , respectively. Moreover, rj^ is 
almost surely continuous with lim.t^ooV^'i't) = and (jj^.h^) are coupled as 
in Theorem \l.l\ 



Note that Lemma 7.1 implies that {ri^,h^) is independent of {rig^,rie^ 



This fact will be important for us in the proof of Lemma 7.2 
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Proof of Lemma 7.1\ By Remark 6.14, the uniformizing conformal maps (gt) 
of the unbounded connected component of H\77^([0, t]) with hm^-j^oo \gt{z) — 
z\ = satisfy the Loewner equation with continuous driving function Wt- 
For a local set A of h^, let be the orthogonal projection of onto the 
space of functions which are harmonic in H \ A, i.e. the conditional mean 
of given A and h^\A- That Tj.rjQ^.rjQ^ are almost surely determined by h 



and are local sets for h combined with Lemma 6.2 implies that r7^([0, r]) is a 
local set for for every 'q stopping time r. Moreover, Remark 6.7 implies 



that C^^([o r]) harmonic function in H\?7^([0, r]) whose boundary values 



are described in the right hand side of Figure |7.1[ Proposition |6.5| implies 
z) has a modification which is continuous in t for each fixed 

SLE,(p^; 



z. Consequently, Theorem 
oo where the values of , p 



2.4 

77 



implies r/^ ~ SLEk(p , p ) in H from to 
are as in the statement of the lemma (recall 
Figure 1.11). The continuity of rj^ follows since rj is almost surely continuous 



(recall Remark 2.3 and Proposition 4.12, which gives the continuity of ri^{t) 



as t — )■ oo) and, as explained in Remark 6.14, ip extends as a homeomorphism 
from C to H. □ 

We now turn to show that r]^ is almost surely determined by h^. 

Lemma 7.2. Almost surely, determines rj^. 

Proof. We remark again that rj lies to the left of rjg-^ and to the right of rjg^ by 
Proposition 5.5, Moreover, r/g^, r/, and ?76»2 ^ire almost surely determined by h 
by the non-boundary- intersecting version of Theorem L2, which was proved 
in Section 4.2 Let h' be the restriction of /i to H \ C and Q = {rjo^, rjg^, h'). 



Since Q determines C hence ip^ the pair (Q, h^) determines the entire GFF /i, 
hence also rj^. Thus to show that rj^ is determined by h^, it suffices to show 
that the pair (r^^, h^) is independent of Q since is independent of Q. It 
in turn suffices to show that h' is independent of (?7^, h^) given rje^^rjo^. The 
reason is that the previous lemma implies (?7^, h^) is independent of {j]e^,t]0^) 
since its law conditionally on {rjQ^^rjQ.^) does not depend on rjo^^rjo^. 

Let h'^ and h'2 be the restrictions of h' to the right and left sides of rjQ^ 
and r]0^, respectively. Let U be the set of points in H \ {rjs^ U r]0^) which 
lie between r]0^ and rje^. We can put an ordering on the set of connected 
components W of [/ by saying that A < B for A, i? G W if and only if r] 
intersects A before B. Let /ig, h'^ be the restrictions of h to those components 
which come strictly before and after C in this ordering, respectively. Then h' 
is determined by {h'l, . . . , h'^. Proposition 3.7 implies that the pair (/i'^, h^) 
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is independent of {ri^,h^) given {h'^, h'^,riQ-^,rig^,ri). Another apphcation of 
Proposition 3.7 imphes that h'^^ is independent of (r/^, h^) given {rjg-^, rjg^, h'^). 
Finally, Proposition 3.7 along with Lemma [7!T| implies (r^^, h^) is independent 
of h'^ given {■r]g-^,r]g^). This completes the proof. □ 



The important ingredients in the proof of Lemma 7.2 are that: 



1. the conditional law of h given rjg-^, rjg^, and r] restricted to the left and 
right connected components of H\ (r/e^ U 776*2) does not depend either on 
1] or on restriction of h to the connected components which lie between 
r]g^ and r]g^, 

2. the conditional law of i] in C given rjg^, rjg^ does not depend on h 
restricted to the connected components whose boundaries are traced 
by rjg-^ and rjg^ before C, 

3. the conditional law of h given rjg^^rjg^ restricted to the connected com- 
ponents whose boundaries are traced by rjg^ and rjg^ after C does not 
depend on rj stopped upon exiting C, and that 

4. rj, Tjg^, and rjg^ are all determined by h. 

By the same argument, an analogous result holds in the setting of counterflow 



lines (see Section 7.4). 



By combining Lemma 7.1 and Lemma 7.2, we have obtained Theorem 1.2 



and Theorem |1.3| in the special case of two boundary force points, one to the 
left and one to the right of the SLE seed. We will record this result in the 
following proposition. 

Proposition 7.3. Suppose that rj is an SLE«;(p^;p^) process in H from 
to 00 with K, G (0,4] and with weights p^,p^ > —2 located at the force points 
0^,0^, respectively. Then rj is almost surely continuous and limf_>.oo ''7(^) = 
00. Moreover, in the coupling of rj with a GFF h as in Theorem rj is 
almost surely determined by h. 



Proposition |7.3 implies that the flow lines of the GFF on H starting 
at with boundary data which is constant on {—00, 0) and on (0, 00) are 
almost surely defined as path valued functionals of the underlying GFF. The 



technique we used to prove Proposition |7.3| can be apphed to multiple flow 
lines simultaneously. We obtain as a consequence the following extension of 
Proposition 5.5 to the regime of boundary data which is constant on (—00, 0) 



and constant on (0, cxd) 
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Proposition 7.4. Suppose that h is a GFF on H with boundary data as in 



the left side of Figure 7.1 (though we do not restrict the values of a and h). 
Assume 9i < 62 satisfy 



X+b ^ X+a ^ . 
< Ui < for I 



1,2. 



X 



X 



With rjo- the flow line of h with angle 6i for i = 1,2, we have that rjo^ almost 
surely lies to the left of rjg-^ . The conditional law of rjg-^ given rjg^ is that of an 
SLEf^{{62 — 0i)x/X — 2; [b + dix)/ X~l) independently in each of the connected 
components o/H\ 776)2 which lie to the right ofrjg^. Similarly, the conditional 
law of rjg.^ given rjg^ is that of an SLEK((a — 62x)/X — 1; {O2 — 9i)x/X — 2) 
independently in each of the connected components o/H\r7e^ which lie to the 
left of r]e^ . 

The hypothesis on 6*1, 6*2 is to ensure that the values of the weights of the 
force points associated with r^ei,^ exceed —2. 



We are now able to complete the proof of Theorem 1.2 for k G (0,4] 



This follows from an induction argument, the absolute continuity properties 



of the field (Proposition 3.2), and the two force point case (Lemma 7.2 and 



Proposition 7.3), and is accomplished in the following lemma. 



Lemma 7.5. In the setting of Theorem 1.1 for k G (0,4], the SLEk(p , p 



flow line rj of h is almost surely determined by h. 



Proof. Write = (p 



1,L 



k,L\ 



and p = (p 



l,R 



We are going 



to prove the result by induction on k, i. For simplicity of notation, we are 
going to assume without loss of generality that x^'^ = 0~ and x^'^ = 0^ by 
possibly adding weight force points. Lemma 7^ gives the desired result 
when k,i < 1. Let Kt denote the hull of rj at time t and let /t : H \ iiTt — >■ H 
be the corresponding centered Loewner map. Assume that the statement 
of the lemma holds for some fixed k,i > 1. We are going to prove that 
the result holds for + 1 force points to the left of and i to the right 
of (and vice- versa by symmetry). There are two possibilities: either Kt 
does or does not accumulate in (—00,0;'^"'"^'^]. In the latter case, we are done 



because we can invoke Proposition |3.2| to deduce the result from the induction 
hypothesis. Suppose that we are in the former case. Let r be the first time Kt 
accumulates in {—oo,x^^^'^]. Note that -ft'lio.r] is almost surely determined 



by h by Proposition 3.2 and the induction hypothesis (we can apply these 



results to -ft'|[o,rj] where is the first time that Kt gets within distance e > 
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of {—oo,x''^^'^] and then send e — )■ 0). If r is at the continuation threshold, 
then we are done. If not, we just need to show that K\(^r,oo) is almost surely 
determined by h. Assume that the rightmost point of Kr is contained in 
^x^o,R^^jo+^,iiy Then the conditional law of friKt) for t > r given -R'ltcr] is 
an SLEk(p'^;p^) process in H from to cxd where 



fc+i io 

s=l s=l 



R 



By the induction hypothesis, it thus follows that {fr{Kt) : t > r) is almost 
surely determined hj h o — ;\;arg/^, hence also by /i|H\_ft'^ given Kr. The 
result now follows. □ 



The proof of Lemma 7.5 is not specific to SLEk(p) processes when k G 
(0,4]. In particular, upon proving that SLE^i{p^; p^) processes are almost 
surely determined by h for p^,p^ > —2 in the coupling of Theorem |l.l| in 



Section [7i4 we will have completed the proof of Theorem L2 



7.2 Monotonicity, Merging, and Crossing 

Up until now, the only type of interaction between flow lines that we have 
considered has been when the paths have the same seed. In this subsection, 
we will expand on this to complete the proof of Theorem 1.5| (contingent on a 



continuity assumption which will be removed upon proving Theorem 1.3 for 



flow lines in Section 7.3). This gives a complete description of the manner 



in which flow lines can interact with each other and makes the phenomena 



observed in the simulations from the introduction (Figures 1.2 1.5, 1.7, 1.8 



and 1.21 ) precise. In particular, we will consider the following setup: we have 
two flow lines rj^^ and rj^^ of a GFF on H with piecewise constant boundary 
data which changes a finite number of times with angles 6i and 62 starting 
at boundary points Xi and X2, respectively. We will show that if Xi > X2 
and 61 < 62, then 77^^ stays to the right of 77^^. This is a generalization 
of Proposition 7.4[ the monotonicity statement for boundary data which 



is constant on (— oo,0) and on (0,oo), to the setting of general piecewise 
constant boundary data and where the initial points of the flow lines can 
be different. The more interesting behavior occurs when 61 = 62 or 62 < 
Oi < 02 + TT. In the former case, the flow lines will actually almost surely 
merge upon intersecting and then never separate (in obvious contrast with a 
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Euclidean geometry). In the latter case, upon intersecting, the flow lines will 
almost surely cross exactly once. Afterwards, they may continue to intersect 
and bounce off of one another, but will never cross again. 




X2 Xl X2 Xl 



(a) If 01 ^ 02 ^ 9, then the flow Unes (b) If 02 < Oi < 62 + n, then the flow 
almost surely merge upon intersecting and lines almost surely cross upon intersecting, 
then never separate. Afterwards, they may bounce off of each 

other but will never cross again. 



Figure 7.2: Suppose that his a GFF on H with piecewise constant boundary 
data which changes a finite number of times. For each a; G R and angle 9, let 
7]g be the flow line of h starting at x with angle 6. If Xi > X2 and 61 = 62 = 6, 
then rjg^ will almost surely merge with rjg^ upon intersecting (left panel). If 
6*2 < 6*1 < 6*2 + vr, then r]g^ will cross rj^^ upon intersecting but will never 
cross back (right) panel. If 9i < 62, then rj^^ will almost surely stay to the 
right of rig^. 



The first step to proving these results is Lemma |7.7[ which says that 

Xl 



the set K which consists of those points of rjg^ until the first time ti that 
rjg^ intersects rj^^ and those points of rj^^ until the first time T2 that rjg^ 
hits 7]^^ is a local set for h. We will in particular show that if ti,T2 < 00, 
then rig^{Ti) = t]^^ (r2) (which is of course not in general true for continuous 
paths). This is a particularly interesting example of a local set because it 
cannot be generated using a "local algorithm" that explores the values of the 
field along the flow lines until stopping times (without ever looking at the 



field off of those flow lines). Once Lemma 7.7 is established, we will then 



prove Lemma |7.8| which gives that the conditional mean Ck of h given K 
and h\K does not exhibit pathological behavior in the unbounded connected 
component D of li \ K, even at the first intersection point of tJq^ and 77^^ . 
This in turn allows us to show that i]g^\[Ti,oo), ^ = 1? 2, is the flow line of the 
conditional field h\D given K and h\x with angle 6i starting at Tig^{Ti) = 
Vdoi'^'i) provided ti,T2 < 00. We then prove Proposition 7.10, which is our 
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most general monotonicity statement, followed by Proposition 7.11, which 
gives the monotonicity of angle varying flow lines. The merging and crossing 



behavior are proved in Proposition 7.12 and follows by using Lemma 7.7 



and Lemma 7.8 to reduce the results to Proposition 7.10 Before we prove 



Lemma 7.7, we need to record the following technical lemma. 




-X'-B2xX'-d2X -X'-~(hx\X'-6ix JL 






Figure 7.3: Suppose that his a GFF on H with piecewise constant boundary 
data which changes a finite number of times. Suppose that xi,X2 € R 
with X2 < xi and fix 9i,92 G R with 9i < 02 + vr. Let Tj be a stopping 
time for r^^^, i = 1,2, such that V0i\[o,Ti] is almost surely continuous. Let 
^1 ^ Ti be any stopping time for rjgK We show in Lemma 
following is true. Suppose that T2 < T2 is any stopping time for 



7.6 

tEe 



that the 
filtration 



= (^(^ejl-s) '■ s < t, ?7ej^([0, Ti])) such that if ^2 is the largest time t G 
[0,T2] SO that rjg^it) G ^ej^([0,ri]) then r/^^ (T2) is contained in the unbounded 
connected component of'H.\{riQ^{[0,Ti])Urig^{[0,^2]))- Let ^1 be the smallest 
time t G [0, Ti] that rjg^it) G tIq^{[0,T2]). Then tIq^\[t2,T2] does not exit the 
unbounded connected component D of H \ (^79^ ([0, ti]) U ^7^3 ([0, r2])) in the 
right side of ^^^'([0, ^1]). To see this, we let be the conformal from D to 
S which takes rig^(T2) to 0, and the left and right sides of ry^^ ((^2, 7^2)) to 
(—00, 0) and (0, 00), respectively. The boundary data for the GFF h + O2X 
where h = h\£, o — x sj:g{ip~^y is shown on the right side. Note that 
^2-^1 + vr > so that with I = ^PiVeli[0, ^1))) we have that (/i + ^2X)|/ > A. 

Since 'ip{f]e2\[^2,T2]) is the flow line of h + 62X starting from 0, the result then 
follows from Lemma 15.2 



Lemma 7.6. Suppose that h is a GFF on H with piecewise constant bound- 
ary data which changes a finite number of times. Suppose that Xi,X2 G R 
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with X2 < Xi and fix angles 61,62 G R with 61 < 62 + tv. Let Ti he a 
stopping time for rf^^, i = 1,2, such that ?7^!^|[o,Ti] is almost surely contin- 
uous. Let Ti < Ti be any stopping time for rf^^ . Then the following is 
true. Suppose that T2 < T2 is any stopping time for the filtration J^t = 
^{Vel^s) '■ s < t, "/^ei ([O5 "T^i])) that with ^2 the largest time t G [0,r2] 

with rjQ^it) G ^0-|^([O, Ti]) we have that r^g^ (T2) is contained in the unbounded 
connected component o/H\ {rig^{[0,Ti]) ^Veiii^j^'^]))- ^1 be the smallest 
time t that r]Ql{t) G r^^^ ([0, r2]). Then r^e^ Ipa.Ta] hits (9H or 7]qI{[^i,Ti]) before 
hitting ^^^^^([O, ^1]). The analogous result holds when the roles of rjg^ , rjg'^ are 
swapped. 



Lemma 7^ is a consequence of Lemma 5^ see Figure |7.3 for the setup 



of the proof. Its proof is also very similar to that of Proposition 5.1 



Proof of Lemma Note that ^ej^([0,ri]) U 77^^ ([0, r2]) is a local set for h 
by Lemma 6.2 Let D be the unbounded connected component of H \ 



(^ei ([Oj ''"1]) ([0) '^"2]))- Let if): D ^ S he the conformal map which takes 
riQ^(T2) to 0, the left side of t]^^ ((^2, ^^2)) to (— oo,0), and the right side to 

the bound- 
Here, we are 



(0, 00). Let /i = o "^A ^~xarg('?/' ^)'. Then /i is a GFF on iS 
ary data for h + 6^ 2 Y i s depicted in the right side of Figure 
using Proposition 



3.6 



7.3 



to get the boundary data for h on the image I under 
■ip of the right side of ^^^^^([O, ^1)) as well as on the lower boundary dj^S (in 
particular, we do not try to rule out pathological behavior in the conditional 
mean of h at intersection points of rjg^ and tIq^)- Since f]e2\[o,T2] is almost 
surely continuous, we know that the image of riQ^\[T2,T2] under ip is also con- 
tinuous. Since the boundary data of h + 62X on J is A + (6'2 — 6*1 + 7r)x > A, 
Lemma 5.2 implies that 'ip{rfel\[T2,T2\) must exit S in duS \ I (or does not 
exit before time T2). This corresponds to rj^'^ exiting D either in or in 
^Si (or not exiting at all). This completes the proof. □ 



Lemma 7.7. Suppose that h is a GFF on H with piecewise constant boundary 
data which changes a finite number of times. Fix Xi,X2 G dH with X2 < Xi 
and angles 61, 62 with 61 < 62 + vr. For i = 1,2, let Ti be a stopping time for 
tJqI such that ?7e^|[o,Ti] is almost surely continuous. Let T2 be the first time that 
rig^\lo,T2] i'lT't^'i^sects riQ^\[o^Ti] md let ti be the first time that r]g^\[o^Ti] intersects 
Ve2\[o,T2]- Let K = riili[0,nATi])Ur]^g^^{[0,T2AT2]). Then k\s a local set for 
h. Moreover, if n < 00 for i = 1,2 then r/e^H^i) = (^2) and VellinM' 
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wq =77^2(^r2)=r?gi(Ti 




Figure 7.4: Suppose that his a GFF on H with piecewise constant boundary 
data which changes a finite number of times. Suppose that xi,X2 G dH with 
X2 < Xl and fix 9i, 6*2 G R with 9i < 62 + n. For i = 1,2, let Tj be a stopping 
time for 77^^ such that rj^'^ \ [0,7;.] is almost surely continuous. Let Ti be the first 
time that rjg^ \ [o,Ti] hits rjg^ \ [o,t2] and let T2 be the first time that rjg^ \ [o,t2] hits 
r]gl I [o,ri] • In Lemma Wl\ we show that K = r]^^ {[0 , n A Ti]) U T]g^ [[0 , T2 A T2]) 
is a local set for h and, if ri,r2 < 00, then = ~ vtli'^'i)- Let 



be the unbounded connected component of H \ i^. In Lemma 7.8, we show 
that /ilo given K and h\K is a GFF in D whose boundary data is as depicted 
above and that %'|[ri,T,] is the fiow line oi h\D starting at wq of angle 6i for 
i = l,2. 



i = 1,2, is almost surely contained in the unbounded connected component of 
U\K. 



We note that in the statement of Lemma 7/7 
= 1,2, may actually be infinite in the case that rjg^ 



the stopping times Ti, 
^^|[o,Ti] does not touch 



Ve2\[o,T2] 



This can happen, for example, if one of the ?7g*|[o,T,] hits a segment 
of da after which it is not able to continue, i.e. the boundary data of /i + 6iX 
is at least A on the left side of the intersection point or is not more than —A 
on the right side. 



Proof of Lemma\7^ Let rj^'{t) = r]g^{tATi) for i = 1,2. Assume that x; < 00 



for 2 = 1,2 for otherwise the result is trivial. We are now going to prove that 



n -- 



To see this, we apply Lemma 



T\ for If^]^ and for any stopping time T2 < T2 
^(^z^l-^) '■ s < t, rfl)^{[0,Ti])) so that the criteria of Lemma 



7.6 for the stopping time 
< T2 for the filtration 
hold, 
implies 



7.6 



Let ^1 be the first time t that r/^^ |[o,Ti] hits rfll^{[0,T2])- Lemma 
that Tf^l\[T2,T2\ cannot hit the right side of ^^^([0,^1)) before hitting either 
?7g_^^([^i, Ti]) or (9H. By applying this to a countable collection of stopping 
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times which is dense among admissible times in [t2, T2] (i.e, stopping times T2 

apply), we see that rf^H[T2,T2]) cannot hit 



7.6 



so that the criteria of Lemma 
the right side of ^j^([0,o"i)) where ai is the first time that r/^^^ hits ^/^^ (T2) 
Moreover, //^^ ([r2, T2]) cannot hit the left side ofrf^^{[0,ai)) by an analogous 
argument but with the roles of rjg^ and rj^^ reversed. Since rj^^ cannot hit 
r/^^^([0, (Ti)), it follows that cxi = ti, which proves the claim. 

Let K = V^l{[0,Ti]) U ([0, r2]). The above argument also implies that 
^^Ih.Ti] is contained in the unbounded connected component of H \ K for 
i = 1,2 (i.e., if rjg^\[Ti,Ti] is in a bounded connected component, then rflj^ hits 
rflj^ on its right side first). We are now going to prove that K is local by 

' ' " =1,2, be 



checking the criteria of Lemma 3.4 Fix f/ C H open. Let r, 



the first time t that r/^^ hits U. Then ^^([0,rj ]), 



1.2 



1,2, is almost surely 
and that ^;([0,rf]). 



determined by h\uc as a consequence of Theorem 

i = 1, 2, is a local set for h. Since the event that {K nU 7^ 0} is determined 
by V^l{[0,T^]) and ^2([0,r|^]), it is therefore determined by h\u<:, which 
completes the proof. □ 



Lemma 7.8. Assume that we have the same setup as Lemma 7/7. Then 
the conditional mean Ck of h given K and h\K restricted to the unbounded 
connected component D ofli\K is the harmonic function whose boundary 
data agrees with that of h on dH and is given by —A' — 62X ~ X ' winding 
on the left side of ri'g^{[0, T2]) and \' — Oix — X ' winding on the right side of 
?7g^^([0, Ti]) (see Figure l.J^). Moreover, z/tj < 00 fori = 1,2 then ?70^| [r^.Ti] is 
the flow line of the conditional field h given K and h\K restricted to D with 
angle 6i starting at wo = rjQ^iri) = r^^^ (r2). 



Proof. Lemma 



7.7 



implies that K = rig^{[0, ri])Ur/^^^([0, T2]) is a local set for h. 
The claim regarding Ck is clear if wq G dH by Proposition 6.5 or if ti,T2 = 00. 
To see this in the case that wq G H, we note that with Kr^s = ''70^ ([0, t]) U 
f]g^{[0, s]) we have that Cxrs does not exhibit pathological behavior whenever 
s > T2 and r < Ti by Proposition |3.5| and Proposition |3.6 
follows by using Proposition 6.5 and that Ck = lim 
surely. 

To see the second claim, we first note that r/g^lfr^.Ti], for i = 1,2, has a 
continuous Loewner driving function viewed as a path in D. The reason is 
that r]g^ cannot trace itself or dH since it has a continuous Loewner driving 
function viewed as a path in H and it cannot trace or create loops with K 
because the proof of Lemma 7.7 implies that Vei\[n,Ti] almost surely does not 



The claim then 



limrtn Ck^^s almost 



hit K after time Tj. Thus the claim follows by applying Proposition 6.12 
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Combining Theorem 1.2, Theorem 2.4, and Proposition 6.5 completes the 
proof of the result. □ 



The proofs of Lemma 7.7 and Lemma 7.8 also apply in the following 



slightly more general situation. 

Lemma 7.9. Assume that we have the same setup as Lemma \7. 1\ Suppose 
that (12 <T2 is a stopping time for rj^^ such that, almost surely, rjg^ \ [o,ri] lies 
to the right o/ ?702 1 [0,0-2] ■ -^^^ fi''^^'^ time that riQ^\[o,Ti] hits Vel\[cT2,T2\ 

and let he the first time that rig^\[a2,T2] hits //^^^ |[o,Ti]- Let K = rig^{[0,Ti A 
Ti]) U77g^([0, T2AT2]). Then K is a local set for h. If, in addition, ti, T2 < 00 
then Wo = Ve^{'''i) = vTi'^'i)- Let D be the unbounded connected component 
of 'H. \ K. Then %'\[Ti,Ti] for i = 1,2 is the flow line of the conditional field 
h\D given K and h\K with angle 9i starting at Wq. 



Proof. This follows from the same argument used to establish Lemma fL7\ and 
We note that the intersection points of rig^{[0, ri)) and rig^{[0, T2)) 
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Lemma 

(i.e., before Tiel\lo,Ti] hits ^/^^ |[o-2,r2] and vice- versa) do not lead to singularities 
in the conditional mean Ck of h given i^' in D by Proposition |3.7[ □ 



By combining Lemma 7.9 with Proposition 7.4, we can now prove our 
general monotonicity statement for flow lines. 

Proposition 7.10. Suppose that h is a GFF on H with piecewise constant 
boundary data which changes a finite number of times, xi,X2 G dH, and fix 
angles 9i, 62- For i = 1,2, let Ti be a stopping time for 77^^ such that ?7g^|[o,Ti] 
is almost surely continuous. If 61 < 62 and xi > X2, then ?7g^|[o,Ti] almost 
surely lies to the right 0/ r^^^^ | [0.T2] ■ 

Proof Let y^ = {y^^ < ■ ■ ■ < < = ^2) and y^ = (y^ > ■ ■ ■ > y} > 
y\ = xi). Assume that the boundary data for h in [yl,y2) is —A — 92X, in 
[yi, yl) is X — 9ix, and otherwise changes to the left of X2 only at the points 
of y^ and changes to the right of Xi only at the points of y_^ (note that we are 
not careful to restrict or specify the places where the boundary data for h 
changes in {x2,xi)). We are going to prove the result by induction on ki, k2 



(see Figure 7.5 for an illustration of the setup and the proof). 

We first assume that ki,k2 < 1. Let ti be the first time that ?7g^^|[o,Ti] 
hits l[o,T2] and T2 the first time that ^^^a I[o,T2] hits r]el\lo,n]- If n = = cx), 
then the result is trivial, so we shall assume that ti,T2 < 00. Let D be the 
unbounded connected component of li\K where K = rig^{[0, Ti])Urig^{[0, T2]). 
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Figure 7.5: Suppose that his & GFF on H with piecewise constant boundary 
data which changes a finite number of times, xi,X2 G dH with xi > X2, and 
fix angles 6*1 < 6*2. Let = [y^^ < ■ ■ ■ < yl < yl = X2) and y^ = {y\^ > 
■ ■ ■ > 1/1 > 1/1 = Xi). Assume that the boundary data for h changes to the 
left of X2 only at the points of and to the right of Xi only at the points of 
y_^. Moreover, assume that the boundary data for h in [y2,y2) is —A — 6*2% 
and in [y^, yl) is A — 9iX- For i = 1,2, let Tj be a stopping time for r^^' such 



that ?70^|[o,Ti] is almost surely continuous. We prove in Proposition 7.10 that 
Tigl\[o,Ti] lies to the right of tiq^\[o,T2] by induction on ki,k2- The result for 
the case A;i,A;2 < 1 is a consequence of Proposition [7!4 and Lemma 7.7 (to 
justify growing the paths until they first hit each other). Suppose the result 
holds for ki = ji and k2 = j2, some ji,j2 > 1 and that ^2 = j2 + 1 and 



ki = ji. Letting (T2 be the first time t that f]T\[o,T2] hits (—00, 1/2^] 5 it follows 
from the induction hypothesis and absolute continuity (Proposition 3.2) that 
l[o,o-2AT2] lies to the left of r]g^\[o,Ti]- Let ri be the first time t that rig^\[o,Ti] 
hits ?7g2^|[o-2,T2] and T2 the first time t after a2 that r/g^^|[o,T2] hits ^^e^^ | [o,Ti] • 



If Ti = T2 = 00, there is nothing to prove. If ti,T2 < 00, then Lemma 7.9 



implies that K = riQ^{[0, Ti\)Urig^{[0, T2]) is a local set for h and that ?70^ |[ri,Ti], 
i = 1,2, is the fiow line of D the unbounded connected component of 
li\K, conditional on K and h\K starting from wq = rig^{Ti) = r/g^ (r2). The 
result then follows from the induction hypothesis. We note that it could be 
that Wq G da, though the case G H is depicted above. 



Lemma 7.8 implies that ?7g'| [t^.t,] for i 



and h\K starting at wq 
ki,k2 < 1 follows by Proposition |7.4 



1, 2 is the fiow line oi h\£, given K 
with angle 6'j. Thus the case 



Suppose that the result holds for ki = ji, some ji,j2 > 1- We are now 
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going to show that it holds for ki = ji and k2 = J2 + 1 (the argument to show 
that it holds for ki = + 1 and k2 = 32 is the same). For i = 1,2 and e > 0, 
let be the first time that ?7e-'|[o,Ti] gets within distance e of {—00,1/2^]. The 
induction hypothesis combined with Proposition 



3.2 



implies that J^^^ I [o-^aTz] 



lies to the left of //g^^ |[o,o-^aTi] for each e > 0. Taking a limit as e J, 0, we see 



that r^e' |[o,a2AT2] stays to the left of r]el\[o,^iA.Ti 



where a,- = cr, for i = 1,2. 



Since T]g^ is targeted at 00 and f]el\lo,Ti] is simple, we also know that f]el\Wi,Ti] 
does not hit r/g^'Ip.aaATa]- Therefore t]91\[o,Ti] lies to the right of ^^^^ Ifo.aaATa]- 
Let Ti be the first time that rig^\[o^Ti] hits Ve2\w2,T2] ^^id let T2 be the first time 
that Ve2\w2,T2] hits t Jq^ \ [o ,Ti] • If ^1 = ^2 = 00, then there is nothing to prove. If 
Ti,r2 < 00, Lemma 



7.9 



implies that K = ijg^HO, Ti]){Jrig^{[0, T2]) is a local set 
for h and that ?70^| [t^.t,] is the flow line of h\D, D the unbounded connected 
component of H \ /C, of angle 6i starting from wq = rj^liri) = i]g^{T2) for 
i = 1,2. Let ip: D — ?■ H be a conformal map which fixes 00 and takes wq to 0. 
Then 'ip {Ve'lln, Ti]) for ^ = 1,2 is the flow line of the GFF hoip'^ — xsiTg{'ilj~^y 
on H with angle 6i. The result now follows from the induction hypothesis. □ 



Next, we will extend the result of Proposition |7. 10| to the setting of angle 
varying flow lines. 

Proposition 7.11. Suppose that h is a GFF on H with piecewise constant 
boundary data which changes a finite number of times. Fix angles 61, ... ,9k 
and 6 with 9 > max,- 9j. Assume 



\9i — 9j\ < 



2\ 

X 



for all 1 < i, j < k. 



(7.1) 



Let rj 

Ti, . . . 

from the beginning of Section 5. Si). Let rj be the flow line of h starting at 



:= ri0-^...g^ be an angle varying flow line of h starting at and let 
Tk-i be the corresponding angle change times (recall the definition 



with angle 9. Assume that T, T are stopping times for rj, rj, respectively, such 
that '7|[o,T], ^[0 f] ^^^^ almost surely continuous. Then r^lfo.T] almost surely 
lies to the right of rj\ ^ . 



The hypothesis that the angles 9i satisfy (7.1 ) implies that r] never crosses 
itself, though rj may hit itself (it turns out that if \9i — 9j\ < it, then rj never 
hits itself). 



Proof of Proposition 7.11 We will prove the result by induction on the num- 



ber of times that 77 changes angles. Proposition 7.10 implies the result for 
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k = 1 (the fixed angle case). Suppose k > 2 and the result holds for — 1 
(which corresponds to k — 2 angle changes). The induction hypothesis im- 
plies that 77|[o,Tfc_iAT] almost surely stays to the right of rjl^Qfy Let r be the 
first time that ^[[q^] hits 77|[Tfe_i,T] and let r be the first time that ?7|[o,t] hits 
?7|jQ^] after time Tk-i- If r = r = oo, then the desired result is trivial, so 
we shall assume that r, r < oo. The argument of Lemma [7.9| implies that 
K = ?7([0,r]) U?7([0,r]) is a local set for h and that Wq = rj^r) = rjij). Let D 
be the unbounded connected component of H \ i^. Moreover, the argument 
also implies that is the fiow line oi h\D conditional on 



of Lemma 



7.9 



K and h\K with angle 9 m. D starting at Wq and that 77|[t,t] is the fiow line 
of conditional on K and h\K with angle 9k < 9, also starting at wo- 



Consequently, the result follows from Proposition 7.10 □ 



Proposition 7.11 immediately implies the following. Suppose that 9i, . . . ,9i 
is another collection of angles and rj = Tj^^ is the angle varying fiow line 

with respect to the stopping times ri, . . . , ti-i- If min, 6*, > maxj 9i and T, T 
are stopping times for 77,77, respectively, such that 77|[o,r] and r/p^;] are both 
almost surely continuous then 77|[o,t] almost surely lies to the right of ^/I^qt]- 



Next, we will complete the proof of Theorem 1.5 (contingent on continuity 
hypotheses which will be removed in the next subsection) in the following 
proposition: 

Proposition 7.12. Suppose that h is a GFF on H with piecewise constant 
boundary data which changes a finite number of times. Fix xi > X2 and 
angles 9i, ^2- For i = 1,2 let Ti be a stopping time for rj^^ such that Vei\lo,Ti] 
is almost surely continuous. If 92 < 9i < 92 + it, then rig^\[o,Ti] almost surely 
crosses rjg^l [0^X2] upon intersecting. After crossing, rig^\[Q^Ti] 1 [o,T2] i^f^y 

continue to bounce off of each other, but will never cross again. If 9i = 92, 
then rjg^ \ [Q Ti] merges with rjg^l^Q^T^] upon intersecting. 

The statement of the proposition implies that f]gl\[o,Ti] almost surely 
crosses rjg^ \ [o,t2] upon intersecting, but it is not necessarily true that 77^^^ | [o,Ti] 
intersects 77^^^ | [o,t2] since one of the fiow lines may get stuck upon hitting the 
continuation threshold. 



Proof. Let ri be the first time that Vel\lo,Ti] intersects r]Q^\[o,T2] and T2 the 
first time that riQ^\[o,T2] intersects 77^^^ | [o,Ti] • If ti = T2 = 00, then the desired 



result is trivial, so we shall assume that ti,T2 < 00. Lemma 7.7 implies that 
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K = r]g^{[0, Ti]) UriQ^{[0, T2]) is a local set for h and that ?70^|[r„T,], = 1, 2, is 
almost surely contained in the unbounded connected component Dofli\K. 

we know that i]g'\[Ti,T,] is the flow line of h\D given K and h\K 
(T2) with angle 6i for i = 1,2. If < < + vr, 
implies that rjg^ \ [ri,Ti] stays to the left of rjg^ \ [t2,T2] ■ The 
merging claim comes as a consequence of Theorem 1.2, which implies that 
there is a unique flow line for each given angle. □ 



By Lemma 
starting at "^(ti 
then Proposition 



7.10 




Figure 7.6: The merging phenomenon of Figure |7.2| and Proposition |7. 12| can 
also be seen through the light cone perspective of SLEiq/k. To see this, fix a 
GFF h on the strip S with the boundary data above. Assume for simplicity 
that a',b' > \' + nx so that rj' almost surely does not intersect duS except 
at zq. Let rjg be the flow line of h of angle 9 G (— f , f ) starting at 0. Let 



Ti < T2 be stopping times for r]g. Then we know by Proposition 5^ that the 
flow lines rji, i = 1,2, which run along tjq until time and then flow at angle 
^(A — A') = I are almost surely the left boundary of the counterflow line 
Tj' starting at Zq upon hitting rjo{Ti). This implies that rji,r]2 almost surely 
merge and then never separate since rj' does not cross itself. This gives the 
merging result with constant boundary data since the conditional law of h 
given Tje in the left connected component oi S\rj0 close to 770 (ti), 7761(^2) looks 
like a GFF with constant boundary data, provided ri and T2 are chosen to 
be very close to each other. 



Remark 7.13. We remark that it is straightforward in the setting of Propo- 
sition 



7.12 to compute the conditional law of r]^^ given 77^^^ before rf^^ crosses 



For simplicity, we assume that the boundary data of h is given by some 

implies that 77^" is almost surely 



constant, say c (note that Proposition 

continuous for all time, i = 1, 2). In this case, the conditional law is that of 



7.3 
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Figure 7.7: (Continuation of Figure 



7.6 



It is also possible to see the 



crossing phenomenon of Figure 7.2 and Proposition 7.12 through light cones 



and duality. Indeed, assume we have the same setup as Figure [777] except we 
take the angle of rji at tiq{ti) to be an intermediate value in the range ( 6*, |) 
(orange curve). Then rji has to cross ri2 since rj' swallows rji (Lemma 5.7) 



and ?72 contains the left boundary of rj' when it hits ?76»(t2) (Proposition 5.9). 
It is impossible for rji to cross 772 subsequently since 77' swallows the points 



in rji in reverse chronological order (Lemma 5.7). 



an SLEk(p^'^, p^''^; p^'^) process in the connected component of H\r7g^^ which 
contains Xi where 

p — ^ i, p-t-p— ^ z, p— ^ i. 

In particular, since > ^^2, we have that p^'^ + p^'-^ < —2. This implies that 
in this almost surely intersects (hence crosses) Vjg'^ . This holds more 

generally whenever we have boundary data which is piecewise constant and 
is such that Vj^^ and Vj^'^ can be continued upon intersecting 9H. The facts 
summarized here will be useful for us in Section 7.3 because we will employ 
them in order to prove the almost sure continuity of SLEk(p) processes right 
up to when the continuation threshold is hit. 



Remark 7.14. It is also straightforward in the setting of Proposition |7. 12| to 
compute the conditional law of 17^^ upon crossing r/^^. For example, in the 
special case that h has constant boundary data c (as before, we already know 



that both paths are continuous from Proposition 7.3), the conditional law is 
that of an SLE«;(p^''^, p^'-'^; p^'-^) where 

_ (^2 - Oi)x ,i,L , ,2,L_ ^iX + c ^ _ (^1 - ^2)X o 

p — ^ ,p-|-p — ^ i, p — ^ z. 
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Remark 7.15. Both the merging and crossing phenomena described in Propo- 



sition |7.12| can also be seen as a consequence of the hght cone construction 
of counter flow lines described in Section |5.2[ The former is explained in 



Figure 7.6 and the latter is in Figure 7.7 



7.3 Continuity for Many Boundary Force Points 



We will now complete the proof of Theorem 1.3 for k G (0,4] by extending 



the special case proved in Proposition 7.3 to the setting of many boundary 



force points. We begin by noting that absolute continuity (Proposition 3.2) 
along with the two force point case implies that in this more general setting, 
1] ~ SLEk(p) is almost surely a continuous curve when it hits dH between 
force points before the continuation threshold is hit. Indeed, in this case ab- 
solute continuity implies that rj locally evolves like an SLEre(p) process with 
just one force point with weight p > —2. Thus to get the continuity of a 
general SLEk(p) process, we need to rule out pathological behavior when r) 
interacts with a force point or hits the boundary at the continuation thresh- 
old. We will accomplish the former in the next series of lemmas, in which we 
systematically study the behavior of SLEk(p^'^, p^''^) processes in H from 
to oo with two force points located to the right of 0. We will show that if 
p2,/? ^ then t] almost surely does not hit its force points. We 



will prove the continuity right at the continuation threshold in Lemma 7.21 



At the continuation threshold, it turns out that whether or not r] hits a par- 
ticular force point depends on the sum of the weights. This is natural to 



expect in view of Lemma 4.5 



The first lemma of the subsection is a simple technical result which states 
that the set which consists of those points where an SLEk(p) process with a 
single force point of weight p > —2 is in dH almost surely has zero Lebesgue 
measure. This will be employed in Lemma [7.18 which handles the regime 
of p^'^ " ~ ~ 



P 



2 or p^'^ e (-2, f 

pl,R _^ p2,R > _ 



1,R 



2). In Lemma 



7.20 



2. The reason that we 



where either Ip^'"^! < 
we will weaken the hypothesis to p 
need to make the stronger hypothesis in Lemma 7.18 is that its proof will 
proceed in analogy with the argument given in Section 7.1, except rather 



than conditioning on flow lines with angles 6'i < < ^2, we will condition on 
an angle- varying flow line. The hypothesis that |p^'^| < 2 implies that the 
angle-varying flow line does not cross itself. 



Lemma 7.16. Suppose that rj ~ SLEk(p , p ) in H from to 00 with p > 
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X 



Figure 7.8: Suppose that /i is a GFF on H whose boundary data is as 
depicted above where a, b are very large. Fix > —2 and G (— 2, | — 2). 
Choose angles 6i < ■ ■ ■ < On and, for each i, let rjg- be the flow line of h with 
angle 9i. Assume that r/^^ ~ SLEi^{p^] p^) and that the angles 02, ■ ■ ■ ,9n are 
such that, for each k E {2,. . . ,n}, the conditional law of r/^^ given ?76»fc_i is 
an SLEk(p^;p'^) process in the left connected component of H \ rjQi^^^. By 
scale invariance, the probability that rje,, conditional on r]e^_i hits a particular 
point X 7^ in r^e^^i is a function of p^, say p{p^), but not x. This implies 
that the probability that rjg^ hits x G R+ is p = p{pi) ■ ■ -pi^p^)- By choosing 
n large enough, we can arrange so that rjg^ ~ SLEk(p^; p^) with > f — 2. 
This implies that p = 0, so there exists I < ko < n such that p{Pk^^ = 0. 
From this, it is possible to see that the probability that an SLEk(p'^; p"^) 



process hits a particular point on R+ is zero (see Lemma 7.16) 



—2 and p^ G (—2, f — 2) where the force points are located at 0~ and 0"*", 
respectively. The Lebesgue measure of r] (1 dH is almost surely zero. In 
particular, for any x G dH \ {0}, the probability that rj hits x is zero. 

Proof. Suppose that /i is a GFF on H whose boundary data is as in Fig- 
ure 



7.8[ By choosing a, b very large, we can pick angles 9i < ■ ■ ■ < 9n 
such that rjg-^ is an SLEfj(pf ; p-^) process in H from to oo and, for each 
k E {2, . . . ,n}, the law of tjq^ given rig^^^ is an SLEk(p^; p^) process in the 
left connected component of H \ rig^_^^ (Proposition 7.4) and that p^ > for 



all G {1, . . . , n}. By the scale invariance of SLE^pl; p^) processes with 
force points at 0^,0^, there exists p{pj^) such that the probability that rje,, 
hits any particular point a; 7^ in ^^e^.i is p{Pk)- By choosing n large enough, 
we can arrange that rjg^ ~ SLEk(p^; p^) with p^ > f — 2. Fix x G R+. This 



implies that P[x G rjg^] = (see Lemma 5.2). On the other hand, we also 
have that 

P[xEr]gJ=p{p^)---p{p^). 



120 



This implies there exists I < kQ < n such that p(pfg 



probabihty that an SLE^ (p^p;p 
is 0. 

' ' Pko) + 

2 and let h he a. GFF on H whose boundary data is such that the zero 

process. Then by choosing 6i = 



_ . „ ^ , 0) so that the 

process hits any particular point x G R+ 



To get the result for general choices of p^, we fix > max(p^- 

>e 

angle flow line rj of h is an SLEk(p^;p'^) 
X{p^ + 2)/x and 02 = A(p^p + 2)/x and letting rjg^ be the flow line of h 
with angle 6i, i = 1,2, Proposition 7_A implies that the conditional law of 
r] given rjg^ is an SLEk(p^;p^) process and the conditional law of rj given 
Tje^ is an SLEf.{pj^^; p^) process. Since the probability that the latter hits any 
particular point x G R+ is zero, it follows the same is true for the former. □ 
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Figure 7.9: Suppose that /i is a GFF on H whose boundary data is as 
depicted above. Assume that \9i — 6*2! < 2A/x- Let r^e^^ij be the angle varying 
flow line of h starting at with angle change time ri > and angles 61,62. 
We can see that rje-^^g^ is continuous by taking 6 (resp. 6) to be such that 
X — 6x = —\ — 6ix (resp. —X — 6x = X — 6ix) and let rjg (resp. 77^) be the flow 
line of h starting at with angle 6 (resp. 6). The conditional law of 77eie2 hn.cx)) 
given ijg^g^dO, ti]) and r]g and rjg is that of anSLE«((6'i -6'2)x/A; {62-6i)x/X) 



process (justifled in the proof of Lemma 7.17). Therefore Proposition 7.3 
implies that rjg-^g^ is almost surely continuous. 



Lemma 7.17. Suppose that h is a GFF on H whose boundary data is as 
depicted in Figure 7.9 Fix angles 61,62 such that \6i — 62] < 2A/x and such 
that b+6iX > —A and —a + 6iX < A fori = 1, 2. Let r]g^e2 ^he angle varying 
flow line of h starting from with angles 61, 62 and angle change time Ti > 0. 
Then rjg-^g^ is almost surely continuous. 
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Proof. See Figure 7.9 for an illustration of the argument. We pick 6 (resp. 
9) so that \ — 9x = —A — 9ix, i-e. 6*% = 2A + 9ix (resp. —A — 6'% = A — 9ix, 
i.e. 9x = — 2A + 9ix) and let rje (resp. rj^) be the flow line of h with angle 
9 (resp. 6') starting at 0. Note that 9 < 9i,92 < 9. We first assume that 
a, b are sufficiently large so that rje and ?7g- almost surely do not intersect h 
after time 0. Fix e > and let be the first time t > ti that ?76»ie2 I[ti,oo) 
comes within distance e of dH. Proposition 7.3 implies that ?7eie2 l[o,ri]5 Voy 



rjg are almost surely continuous and Proposition 3.2 implies that ?7eie2 1 [n.T^] 



is almost surely continuous since its law is mutually absolutely continuous 
with respect to that of an SLEk(p'^;p^) process in H \ r7e^e2([0, ^i]) with 



= (6*1 — 6'2)x/A and = (6*2 — 9i)x/\- Consequently, Proposition 7.11 
implies that ^76*162 l[ri,rj] stays to the right of rjg and to the left of rjg. The 



argument of Remark |6.8| implies that the conditional expectation of h given 
^61162! Vdy Ve ^^^^ have singularities at points where rjg-^e^ intersects 
one of rjg or rj^ (and the same holds when we run ?7ei6i2l[o,TE] up to a stopping 
time by Proposition 3.6). Moreover, the argument of Remark 6.15 implies 
that ^70ie2 I[ti,Te] has a continuous Leowner driving function viewed as a path in 
the connected component of H \ {rjg U r^grU r/eiSi ([0, ti])) which lies between rjg 



and t]q. Consequently, Theorem 2.4 combined with Proposition 6.5 together 
imply that the conditional law of ?70i92 I[ti,Te] given 779^^2 ( [0, ri]), rjg, and r]^ is 
an SLEk(p^; p^) process with the same weights p^, p^ as before. Lemma 7.16 
implies that the distance ?7ei6i2 1 [n.T, 



comes within remains strictly positive 
as e — )■ (since ^7ei02 l[ri,T,] is continuous and almost surely does not hit 0+ or 
0~). Since rjg and rjg otherwise do not intersect dH (since we picked a,b > 
large), it follows that — )■ cxd as e — )■ almost surely. Therefore rig-^g2 is 
almost surely continuous. To see the result for general choices of a, b, we 



apply the same argument used to prove Proposition 7.3 (we condition on 



flow lines with appropriately chosen angles and use the continuity of rjg-^g^ for 
large a,b). □ 



Lemma 7.18. Suppose p^'^,p^'^ + p^'^ 
either 

.2,-Rl 



> —2. Additionally, assume that 



1^ 

< - - 2. 
2 



Let rj be an SLEk(p ' , p 



|p"'"| < 2 or p^ 

n2,R^ process in H from to 00 where the force points 
corresponding to the weights p^'^ and p^'^ are located at 0^ and 1, respec- 
tively. Then rj almost surely does not hit 1 and is generated by a continuous 
curve. 
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Figure 7.10: Suppose that h is a GFF whose boundary data is as depicted 
on the right side with b G (—A, A — nx) and c > A — tcx- We can see that 
the flow hne rj of h does not intersect [1, oo) by noting that, if it did, it 
would have to intersect hence merge with the flow line t]^ of h starting at 1 



(Proposition 7.12). Letting r be the first time rj hits 1]^ and the first time 



1]^ hits rj, the conditional law of rj given K = //([O, r])U?7^([0, r^]) is that of an 
SLEk(p) process with p > | — 2 in the unbounded connected component of 
H\i^'. By Lemma 4.3, we know that such processes do not hit the boundary, 



which implies that rj cannot hit [1, oo). 



Proof. Assume \p'^'^\ < 2. Let 



e, = --(2 + pi'^) and 02 = --(2 + p^'^ + p^'^) . 
X X 



Suppose that /i is a GFF with boundary data as in Figure |7.1| where a = X 
and 6 > is sufficiently large so that the angle-varying flow line rjo-^o^ with 
angles 61,62 and angle change time ri = 1 starting at almost surely does 
not hit da after time 0. Note that |p^'^| < 2 implies \6i — 62\ < 2A/x, which 
is the condition necessary for rjg-^g^ ^^o^ cross itself. Let t] be the zero angle 
flow line of h starting at 0. Proposition |7.3| implies that 77 is continuous and 
Lemma 7.17| implies that rjg-^e^ is continuous. Thus by Proposition 7.11 
know that r] is almost surely to the left of r^e^^ij because 6^1, 6*2 < 0. 



we 



Lemma 7.17 implies that the left connected component C of H \ 770^92 is 
almost surely a Jordan domain. Let ip : C ^ H he a. conformal map which 
fixes and 00. Then ip extends continuously to dC. Therefore ip{ri) is a 
continuous path in H. Moreover, ip{ri) has a continuous Loewner driving 
function by Remark 6.15 (Remark 6.15 assumed \6i — ^2! ^ to ensure 
the continuity of rjQ-^g^ and that r/^^ej is almost surely determined by h. We 
have now proved both of these facts in the setting we consider here.) The 
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boundary data for the conditional law of h given rjg-^Q^ is shown in Figure 6.3 
Consequently, it follows from Proposition |6.5| and Theorem |2.4| that the con- 
ditional law of 7] given rje^e^ is that of an SLEk(p^'^, p^''^) process. Therefore 
SLE;^(p^'^, p^'-^) processes are continuous provided Ip^''^] < 2. 

To see the second claim of the lemma when \p^'^\ < 2, we take max(^^i, 62) < 
6 < 0. Then rjg lies to the left of rjo-^o^ and to the right of 1]. Let zq be the 
leftmost point of the intersection of rig-^0^{[Ti,oo)) with rj9^g^{[0,Ti]). If rjg 
does not hit zq, then the desired claim follows. If rjg does hit zq, then we 
know that r] almost surely does not hit zq because the conditional law of r) 
given rjg and rjg-^^g^ is that of an SLEk(— 6'x/A — 2) process in the left connected 



component of H \ 779 (Proposition 7.3), hence we can apply Lemma 7.16 

Alternatively, suppose p^'^ < | — 2. There are two possibilities. If p^'^ + 
p2,_R g [—2, f — 2) then |p^'^| < 2 so that the result in this case follows as 
before. Suppose p^'^ + p^'^ > f — 2. Assume that t] is coupled with a GFF h 
so that 77 is its flow line starting from 0. We claim that 1] almost surely does 
not hit [1, 00) 



in which case we are done because then Proposition |3 . 2| implies 
that the law of r] (stopped upon exiting a ball of any finite size) is mutually 
absolutely continuous with respect to the law of an SLEk(p^'''^, p^'^) process. 



fp'^ such that p^'" + p^'^ = I — 2, (stopped upon exiting a ball of the same 
finite size) and we know from the previous argument that such processes are 
continuous. 

To see that t] does not hit [l,oo), we let 77^ be the flow line of h (with 
angle 0) starting at 1. Let (resp. T^) be the first time t that rj (resp. rj^) 
gets within distance e of [1, 00) (resp. (—00, 0]) and let T = lim^-s.oT'e (resp. 

= lim^^oTl). On the event {T < 00} U {T^ < 00}, we have that r}\[o,T) 
and 77^|[o,Ti) intersect. Since both of the (restricted) paths are continuous by 
Proposition 3.2 and Proposition 7.3, Proposition 7.12 then implies that r)^ 
and rj merge. Let r be the first time 77 hits t]^ and be the first time rj^ hits 
7] and let K = r]{[0, r]) U 7/^([0, r^]). The conditional law of t] given K is that 
of an SLEk(p^''^ + p^'-^) process in the unbounded connected component of 
H\ir (Proposition |7. 12"| ) . Therefore Lemma 4.3 implies that r] almost surely 
does not hit [1, 00), which is a contradiction (see Figure 7.10). □ 



Remark 7.19. A slight modification of the proof of Lemma 7.18 implies the 
continuity of SLEre(p^''^; p^'^, p^'"^) processes where p^'^ > —2 and the same 



,pi'^,p2'« 

hypotheses are made on p^'^, p^'^. Indeed, this is accomplished by condition 

X 

requires that if p^'^ > 7 



ing on the flow line with angle (2 + p^ 
Lemma 



7.18 



2 then p^'^ + p^''" is larger than 



2,R 
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both p^'^ — 2 and —2. The purpose of the next lemma is to remove this 
restriction. 

Lemma 7.20. Suppose 

phR y'l_2 and p^'^ + p^'^ > -2. 

Let 7] he an SLEk(p^''^, p^'^) process in H where the force points corresponding 
to the weights p^'^ and p^'^ are located at 0"*" and 1, respectively. Then rj 
almost surely does not hit 1 and is generated by a continuous curve. 

Proof. We may assume without loss of generality that p^'-^+p^.-R ^ ^_2^ | _2) 
since if p^'^ + p^'^ > | — 2, we know by Remark |2.3| that rj almost surely 
does not hit dH after time and is almost surely continuous. Assume that 
7] is coupled with a GFF h as in Theorem By Proposition 7^ and 



Proposition |3.2| we know that rj is continuous, at least up until just before 
the first time r it accumulates in [l,oo). Thus, we just need to show that 
rj is continuous at time r, that r/ is a continuous curve for t > t, and that 
Vir) ^ 1. 

To see that r] does not accumulate at 1, we apply a conformal map i/j 



taking H to the strip S as in Figure 4.1 with fixed, 1 going to +oo, and 



oo going to — oo. Then Figure 4.2 implies ipi^r]) almost surely hits dS after 
time when it accumulates on the upper boundary of S, which in turn 
implies that rj almost surely does not accumulate at 1. This implies that, 



by Proposition 3.2 and Theorem 1.2, for any fixed to > the law of ?7|[to,oo) 
conditional on r7([0,to]) is absolutely continuous with respect to that of an 
SLEk(p^'^ + p^''^) process. Therefore the continuity of r] up to time r follows 
from Proposition |7.3[ After time r, we know that ?7 is a continuous curve 
since conditional on 77([0,r]), rj evolves as an SLEk(p^''^ + p^'^) process in 
the unbounded connected component C of H \ r7([0, r]). We know that such 
processes are generated by continuous curves by Proposition |7.3| in H. Since 
C is a Jordan domain, the Loewner map fr extends as a homeomorphism to 
d(ii \ Kt), hence we see that ?7 for t > r is also a continuous curve. □ 



Lemma 7.21. Let rj be an SLEk(p^'^, p^'^) process in H starting at where 
the force points corresponding to the weights p^'^ and p^'^ are located at 
< x^'^ < x"^'^ < oo, respectively. If p^'^ < —2 or p^'^ + p^'^ < —2, then r] 
is almost surely a continuous curve. 
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0x2 x^''^ a;2.-R 



Figure 7.11: Suppose that h is a, GFF on H whose boundary data is as 
depicted on the left side where c G (—A, A — vrx]. Let rjl be the flow line 
of h starting at 2 with angle 6 G [0,7r). Note that c + 6'x G (—A, A) and 
— A + 6'x<— A + vr^. Thus r]l exists (does not immediately hit the continu- 
ation threshold) and the event E that rj^ is continuous for all time and does 



not hit (— oo,x) has positive probability (Proposition 3.2, Remark 7.19 and 
Remark 5.3). Condition on 77^, E and let C be the connected component of 



H \ r^g which contains 0. Let : C ^ tl he the conformal map which fixes 
0, sends the leftmost intersection point z of ril with (0, 00) to x^'"^, and fixes 
00. We let x^'^ = iIj{x). Note that once we have conditioned on rig, we can 
adjust X between and z to obtain any value of x^'^ between and x"^'^ we 
like. The boundary data for the GFF h o i/)"^ — xarg(V'~^)' is depicted on 
the right side and ip{r]) is an SLEk(p^'^, p^'"^) process with p^'^ = c/A — 1 
and p^'^ + p^'^ = —Ox/ A — 2. Since r] and rjj are almost surely continuous 
given E, so is ip{ri). By adjusting 9 G [0,7r), we can achieve any value of 
pi,R _|_ p2,/? ^ (| — 4, —2] we like. Likewise, by adjusting c, we can obtain any 
value of p^'^ G (—2, | — 2] we like. Finally, we note that by either condition- 
ing on an additional flow line starting at of positive angle or changing the 
boundary data to the left of to be smaller than —A, we can also get the 
continuity of SLEk(p^''^; p^'^, p'^'^) processes with p^'^, p^'^ as before and any 
p^'^ > -2. 



In order to prove Lemma 7.21 , we will need to consider several different 



Figure 



7.12 



2,R 



cases. These are described in Figure 
(pi'^ G R 
■4). 



pi,R + p 



7.11 



> 



pl,Rj^p2,R g 



< 



4), and Figure 



7.13 



(--4 - 



2]), 
-2, 



> 



Proof of Lemma \7.21 
(-2 



1,R 



P 



' 2 

> 



2] and p 
— 2, Lemma 



The proof of the first claim in the special case p 
+ p^'^ G (f — 4,-2] is described in Figure 



1,R 



4.3 



7.11 



implies that r] first hits dH after time in (a; 



G 
For 
,00). 
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Figure 7.12: Suppose that h is a GFF on H whose boundary data is as 
depicted on the left side. We assume that a > —X and b < —X — ttx- 
Then the flow line 77 of /i is an SLE^^p^'^, p"^'^) process with p^'^ > —2 and 
pi,^_l_p2,R ^ |— 4. Let ip: H — )■ H be a conformal map which fixes and takes 
x"^'^ to 00. The boundary data for the GFF hoip'^ — x arg('i/'~^)' is depicted 

pi,R^ pro cess with p^'^ > f — 2 



on the right side. Hence ip{ri) is an SLEk(p^''^ 

and p^'^ > —2 and therefore continuous by Proposition 7^ This implies the 
continuity of rj and that rj almost surely terminates at x 

If a e 



almost surely tends to 00 by Proposition 7.3). 



^'^ (because ip{ri) 
—X — TTX, —A], then 



we can apply the same conformal map and then get the continuity from the 
argument described at the end of Figure 7.11 (the process one gets after 
applying the conformal map is an SLEk(p^^^^'^) with p^'^ > f — 2 and 
4). If a < —A — TTX, then we can apply a conformal map which 



pi,R > _ 
sends both x^'^ and 



x^'^ to 



that ^{t]) ~ SLE«(pi'^,p2'^) with p^'^ > f 



-00, 0) and get the continuity from the fact 



2 and pi'^ + p2'^ > f 



2. 



Therefore the laws of the paths when p 



1,R 



2 and p^'^ > | — 2 are mu- 



tually absolutely continuous (Proposition 3.2) upon hitting the continuation 
threshold (this is the same argument used in the proof of Lemma 7.20), which 
completes the proof for p^'^ > 



2 and p^'^ + p^'^ 



these results hold if r] has an additional force point at of weight p ■ > —2 



4,2]. Note that 

l.L 



as explained in Figure 7.11 



< 



4. Ifp 



1,R 



> 



4, by applying 



x'^'^ to 



We now suppose that p 
a conformal map ip: H ^ H which fixes 0, sends x^'^ to 00, and 
— 1, we see that ipif]) ~ SLEk(p^''^; p^'^) where p^'^ > f — 2 (this argument is 
described in Figure f7?l2 ) . This puts us into the setting of the case considered 
in the previous paragraph. Therefore ip{r]) is continuous, hence also rj. If 
pi,R ^ I _ 4^ then we can apply a conformal map ip: H ^ H which fixes 

1 11,1 1 R 1 9 R , / ^\ mi . / \ . riT -n / 1 r. O 

P 



and sends both x^'^ and x^'^ to (—00,0). Then ipiv) is an SLEk(p"'^'^.p^'''') 



process with p^'^ > 
follows as well. 



2 and p 



1,L 



P 



2,L 



> 



2' 



SO the continuity in this case 
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X'-TTX 




X 



Figure 7.13: Suppose that h is a. GFF on H whose boundary data is as 
depicted above. We assume that a < —A and b > —X — ttx- Then the flow hne 
77 of /i is an SLEk(p^''^, p^'-^) process with p^'^ < —2 and p^'^ + p"^'^ > | — 4. 
Let r/^^'^ be the flow hne of h starting at x^'^ with angle vr. Then rj^^'^ is 
an SLE^{p^'^ , p'^'^ , p^^^; p^'^) process with p^'^ > f - 2, p^'^ + p'^'^ < -2, 



p^,L _|_ p2,L _|_ p3,L _ I _ 2 anfi pi.^ > —2. There are two possibilities: either 

rjf'^ hits the continuation threshold upon accumulating in [0, x^'^] or it does 
not hit the continuation threshold. In the former case, the conditional law 
of T) given rj^ ' in the leftmost connected component of H \ r^^ ' is that of 



an SLEfj(p^'^, p^'-^) process with p 



■1,R 



2 and p^'^ + 'p'^ = p^'^ + p^'^. 



In this case, 77 does not hit 
part of the proof of Lemma 
continuation threshold, then its 



7.21 



(Lemma 4.6) and is continuous by the first 



(recall Figure 
aw is absolute^ 



7.11). If ' does not hit the 



y continuous (Proposition 3.2) 



with respect to that of an SLE^d — 2; p^'^) process with p^'^ > —2, hence 



continuous (Proposition 7.3). In this case, the conditional law of rj given t]^ 



argument of Figure 



1,^?^ p2,i?^ process with p^'^ = p^'^ 
— 4. This implies that 1] is continuous in this case by the 



up until intersects rj^ ' is that of an SLEk(p ' , fr' ) process with p"'" = p 
and p^'^ + = 



7.12 



'we note that on this event, i] exits H in (x 



The final possibility is when p^'^ < —2 and p^'^ + p^.R > | _4 ^jj-^g proof 



in this case is explained in the caption of Figure 7.13 



□ 



Lemma 7.22. Suppose that t] is an SLE«;(p) process in H from targeted 
at 00, k = Ip^I and i = \p^\, with Yli=iP''^ > ^ - 4 and YlLiP''^ > f " 4. 
Fix M > such that the locations of the force points x = {x^; x^) satisfy 
rf.i,R/r^i,R < M for alll <i < I and x''^/x^^^ < M for all 1 < i < k and the 
weights p satisfy Ip*'"^! < M for all 1 < i < \p'^\ and q G {L, R}. Let Ei be the 
event that either lim^^oo v{t) = 00 or rj disconnects x^'^ or x^'^ . Let E2 be the 



event that dist{7]{[0, 00)), [x^'^,x^'^]) > \ and dist(r/([0, 00)), [x^-^, x^'^]) > \. 
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-a < \ 



Figure 7.14: Suppose that h is a. GFF on H whose boundary data is as 
depicted above and let t] be the flow line of h starting at targeted at oo. 
Then t] ~ SLE«(p), \p^\ = i and |/| = k, with ^f^^ p''^ = a/A - 1 > f - 4 

and Yll=i P*'^ = 6/A — 1>| — 4. Let ?7 C H consist of those points z whose 
distance to [x^'^,x^'^] and [x^'^,x'^'^] is at least ^. Then the law of h\u is 

mutually absolutely continuous with respect to the law of h\u where /i is a 



„k,L 



)U 



X^'^, PC), 



GFF on H whose boundary data agrees with h in (— c 
is —A in [x*^'''",0] and A in [0,a;^'^]. Proposition 7.3 and Lemmas 7.18-7.21 



imply that the flow line rj of h from targeted at oo either reaches oo or hits 
(— oo,x'^''^) U (x^''^, oo) without leaving U with positive probability. Conse- 



quently, it follows from Proposition 3.2 that the same is likewise true for r]. 
Moreover, from the discussion in Remark |3. 3 it is easy to see that this proba- 



bility admits a positive lower bound which depends only on jz'^'^l, and 



-'l II oo 



and \\h\ 



With E = El n E2, we have that P[E] > po where po > depends only on 



Proof. This follows from Proposition 3.2 and Remark 3.3; see Figure 7.14 for 
an explanation of the proof. □ 



Proof of Theorem 1.3 for k G (0, 4). We are going to prove the result by in- 



duction on the number of force points. Proposition |7.3| and Lemmas |7.18| - [772T 
imply the result for SLEk(p) processes with two force points. Suppose that 
the result holds for all SLEk(p) processes with at most n force points, some 
n > 2, and that rj ~ SLEk(p) in H from to 00 with n + 1 force points. If rj 
immediately hits the continuation threshold upon starting, there is nothing 
to prove. Otherwise, running t] for a small amount of time and then applying 
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Figure 7. 15: Let /i be a GFF on H whose boundary data is as depicted on the 
left side. Let t] ~ SLEk(p) be the flow line of h starting at 0. Suppose that jo 
is such that Y^^i p''^ > f "4 and Y^fLi p''^ < f - 2. This particular choice 
implies that rj can hit {x^°~^'^ , x^^'^^'^) . Let ip : H ^ H he the conformal 
map which takes oo to —1, x^'^ to 1, and x^°'^ to oo. Then it is possible for 
rj = ijj{r]) to hit (— oo, x'^''^)U(x-^''~^, oo) or reach oo before hitting [x^'^ ,x^'^][J 
[x^'^,x^°~^'^] where x denotes the locations of the force points of rj. 



a conformal mapping, we may assume that all of the force points are to the 
right of 0; we denote their locations by x^. 

Suppose that there exists jo > 2 such that X]i=i^ P*'^ > f ~ ^ and 
Eili P''^ < f - 2 (if we couple r] with a GFF h as in Theorem 1.1 on 
H, this corresponds to the boundary data of h in [x^°~^'^, x^°'^) being larger 
than —A — vrx and in [x^°'^, being less than A — vrx). Let : H — )• H 

be the conformal map which sends x^'^ to 1, x-'"'^ to oo, and oo to —1 (see 
Figure 7.15). 

Let Tj = ip{rf) and let x = (x^; x'^) denote the locations of the force points 
of rj. Let k = |x^| and note that \x_^\ = jo — 1 by construction. Let Wt be 
the Loewner driving function of rj, gt the corresponding family of conformal 
maps, and let V^*'"^ = 'gtix^''^) denote the time evolution of the force points of 
rj under 'gt. We define stopping times as follows. We let be the first time t 
that Wt = Q and let Ci be the first time t after that rj comes within distance 
^ of either [V^'^''^, Vq^'^] or [Vq^'"^, Vq"^"*^'^]. For each > 2, we inductively let 
^fc be the first time t after Ck-i that Wt = Q and Cfe the first time t after 
that g^ijjit)) comes within distance | of either [V~'^, V~'^] or [V-'^'^, V-""^'"^]. 

Let T be the first time t that rj hits (— oo, Vq'^], [Vq'^, oo), escapes to oo, or 
hits the continuation threshold. 

We are now going to show that v\[OTA'^k] ^^^ost surely continuous for 
every k. We will argue that this holds by induction on k. It holds for A; = 1 
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as a consequence of the induction hypothesis: if Wt is to the left or right 
of 0, then the evolution of rj is absolutely continuous with respect to the 
evolution of an SLEk(p) process with at most n force points by the Girsanov 
theorem. Suppose that v\[OTA'^k] continuous for some > 1; we will argue 
that the same holds with /c + 1 in place of k. For t G {^k,Ck], the desired 



continuity follows from Proposition 3.2 and the two force point case. For 



t G (Cfc,^fc+i], the claim follows by applying the Girsanov theorem and the 
induction hypothesis in the same manner we used to handle the case that 
k = l. 

Let E = Ujt{r < Then on E we know that //|[o,?] is continuous. 

Moreover, the conditional law of //|[?,oo) given r/|[o,?] in the connected com- 
ponent C of H \ r7([0,r]) which contains ^^(oo) = —1 is that of an SLEk(p) 
process with at most n force points. Thus since C is a Jordan domain, the 
desired result follows from the induction hypothesis. We will complete the 
proof by showing that P[E'^] = 0. Since dtiV^^'^ — V/'"^) < if j > i and 
dtVf'^ > for all i (these facts come directly from the Loewner evolution 



and analogously hold when R is replaced with L), Lemma 7.22 implies the 
existence of po > such that P[r < ^k+il^^ > (,k] > Po for all k. Therefore 
P[E^] = 0, as desired. 

In order to complete the proof, we need to argue continuity in the case 
that there exists J so that X]i=i P*'^ — f for all 1 < j < J and ^l^i p*'^ > 
I — 2 for all J + 1 < j < n + 1. If J = n + 1, we can see the continuity by 
applying a conformal map ip which fixes and sends all of the force points to 
the other side. Indeed, then ipiv) ~ SLEk(p) where the partial sums of the 



weights are all at least ^ — 2, so we can use Remark 2.3 If 1 < J < tt,, we can 



use the same argument described in Figure 7.13 (condition on an auxiliary 



flow line at angle vr starting from x'^'^^'^). This completes the proof. □ 



Now that we have established Theorem 1.3 for k < 4, we can prove the 



almost sure continuity of angle varying flow lines. 



Proposition 7.23. Suppose that we have the same setup as Proposition 7.11 



(without the a priori assumption of continuity). Let 6i, ... ,6k be angles satis- 



fying (7.1). The angle varying flow line rjg^-ek is almost surely a continuous 
path. 



Proof. We prove the result by induction on k. Theorem 1.3, which we have 



now proven for k G (0,4], states that this result holds for /c = 1 (which 
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corresponds to the constant angle case). Suppose that k > 2 and the result 
holds for k — 1. Let ti, . . . ,Tk-i be the angle change times. By assump- 
tion, r]0^-ek\lTk_2,rk-i] given T]0^...0^{[O,Tk-2]) evolves as an SLE^{p^; ff) pro- 
cess. By induction, Vei-ek\lo,Tk-2] continuous so that a conformal map ip 
which takes the unbounded connected component of H \ ?76»i- efe([0, Tfc_2]) to 
H with ^76»i- -6»fc(Tfc-2) mapped to extends as a homeomorphism to the bound- 
ary. Thus the continuity of rig^...g^ follows from Theorem 1.3 for k G (0,4], 
which completes the proof of the induction step. □ 



7.4 Counterflow Lines 

We will now explain how to modify the proofs from the previous subsec- 
tions to complete the proof of Theorem 1.2 and Theorem 1.3 for k' > 4. 



Throughout this subsection, we will often work with a GFF h on the strip S 
in order to make the setting compatible with SLE duality (recall Section 111). 



We assume that the boundary data for h is as in the left side of Figure 7.16 



and Figure 7.17 where a, b, a', b' are taken to be sufficiently large so that the 
configuration of fiow and counterfiow lines we consider almost surely does 
not interact with dS. 

We let 7]' be the counterfiow line of h starting at Zq. The proof follows a 
strategy similar to but more involved than what we employed for k, G (0,4]. 



In Section |7.4.1[ we will focus on the case with two boundary force points. 
It turns out that in order to generate an SLEk'(p^; p^) process for arbitrary 
choices of p^,p^ > —2 by conditioning on auxiliary fiow lines in a manner 
similar to that used for k G (0,4], we are already led to consider the law of 
1]' conditional on two angle varying fiow lines (for k G (0,4], we only had to 
consider angle varying trajectories when generalizing the two force point case 
to the many force point case). Extending these results from two force points 
to many force points also follows a similar but more elaborate version of the 
strategy we used for k G (0,4], since we will need to consider four different 
cases as opposed to three. This is carried out in Section |7.4.2[ Finally, in 



Section 7.4.3, we will explain how to extend the light cone construction to the 
setting of general SLE^'^p^; p^) processes and, in particular, obtain general 
forms of SLE duality. 
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7.4.1 Two boundary force points 



We are now going to prove Theorem 1.2| and Ttieorem L3 for counterflow lines 
with two boundary force points. The proof is a bit more elaborate than what 
we employed for flow lines because we will need to consider different types 
of configurations of fiow and counterfiow lines depending on the values of 
p^,p^. In the first step, we will handle the case that > —2 and > y — 4 
(and vice-versa) — recall that y — 4 is the threshold at which rj' becomes 



boundary filling. This will be accomplished in Lemma 7.24 by considering a 



configuration consisting of two fiow lines in addition to rj' (see Figure 7.16). 



In the second step, accomplished in Lemma 7.25 (see Figure 7.17), we will 
take care of the case that p^,p^ € (—2, y — 4) using a configuration which 
consists of two angle varying fiow lines in addition to rj'. Combining these two 



lemmas completes the proof of Theorem 1.2 for > 4 with many boundary 



force points (recall that the proof of Lemma 7.5 was not fiow line specific) 
and Theorem L3 for > 4 with two boundary force points with weight 
exceeding —2, one on each side of the counterfiow line seed. 



Lemma 7.24. Suppose that p^ > —2 and p^ > 



Y-4:orp^>^-4: and 
p^ > —2. In the coupling of an SLEk'(p^; p^) process 7]'^ with a GFF Hq as in 
Theorem tj'q is almost surely determined by Hq. Moreover, rj^ is almost 
surely a continuous path. 

The reason that we used the notation rj^ and in the statement of 
Lemma 7.24 is to avoid confusing rj^ with rj' and Hq with h. Recall also 



from Remark 2.3 that by absolute continuity (the Girsanov theorem) we 
know that non-boundary intersecting SLEk/(p) processes are almost surely 
continuous, at least up until just before terminating (or tending to oo if the 
terminal point is at oo). The proof of Lemma 7.24 allows us to to deduce the 



continuity of such processes even upon terminating by reducing the result to 
the transience of SLE^' processes established in [RS05J. This is accomplished 
by picking angles ^i, 62 so that the conditional law of rj' is an SLE^/ process 
given fiow lines rjo^.Tje^ in each of the connected components of H\ (770^ U 776)2) 
which lie between rjo^ and rjo^. 



Proof of Lemma \7.24 
ure 



We suppose that we have the setup described in Fig- 
7.16[ That is, we fix 9i < 6*2 and let rjg^ be the fiow line of h with angle 
6i starting from and let rj' be the counterfiow line starting from zq. We 
assume that a,a',b,b' are large enough so that rig-^,r]g^, and rj' almost surely 
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Figure 7.16: Let hhe a GFF on the strip S whose boundary data is depicted 
in the left panel. Fix 6i < 62 and let rjg^ be the flow line of h starting at 
with angle 9i. Suppose that C is any connected component of S\ {r]0^ U 77^2) 
which lies between tiq^ and rje,^. We assume that both 6*1 < | and 62 > — |; 
this choice implies that rj' almost surely intersects C. Let xq be the first point 
on dC to be traced by r/e^, rjg^ and yo the last. Fix a stopping time r' for J^t = 
a{rj\s) : s < t.rjo^.rjs^) such that //'(r') G C almost surely. The boundary 
data for the conditional law of h given rjo^, rjg^ and ^^'([O, r']) in C is depicted 
in the left panel. Let ^ be a conformal map which takes the connected 
component of C \ t]'{[0,t']) which contains Xq to S with f]'{T') taken to zq 
and Xq taken to 0. The the boundary data for the GFF h o — x arg('?/;~^)' 
on S is depicted on the right side. From this, we can read off the conditional 
law of 7]' viewed as a path in C given rjQ^^rjQ^: it is an SLEk'(p^; p^) process 
where = (1/2 + 62/11)^/2 - 2) - 2 and p^ = (1/2 - 9i/n){K'/2 - 2) - 2. 



do not intersect dS except at their initial and terminal points. We also as- 
sume that 6^1 < I and 62 > — f . This implies that rjg-^ lies to the right of the 
left boundary of 77' and likewise that rje^ lies to the left of the right boundary 
of T)' (recall Proposition 5.1 and Proposition 5.5). Figure 7.16 describes the 
conditional mean Ca{t') of h given A{t') where A(t) = rjo^ U?7'([0, t]) Urjg^ and 
where r' is any stopping time for the filtration J-'j = a{ri'{s) 
Indeed, we know that A{t') is a local set for h by Lemma 6.2 
Remark 6.9 and Remark 6.10 imply that Ca_{t') does not exhibit pathological 
behavior at points where any pair of ri0-^,r]' ,r]g^ intersect. 

Recall also Remark 6.16 and Remark 6.17 which imply that rj' has a con- 
tinuous Loewner driving function viewed as a path in each of the connected 
components of 5 \ {rjg-^ U rjg^) which lie between rjo^,r]0^. Note that if either 
> — I or 6*2 < I so that one of the rjg. is actually contained in the range of 



Moreover, 
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ri (Lemma 5.7), we need to interpret what it means for ri to be a path in one 
of these complementary connected components. This is explained in com- 
plete detail in Remark 6.17 Applying Theorem 2A_ and Proposition 6^, we 
find that the conditional law of Vj given r]Q^ and riQ^ in each of the connected 
components oi S\ (r/g^ U r/gj) which lie between tiq^ and tiq^ is independently 
an SLEk(p'^; p'^) process where 



Indeed, the values of p^,p^ are determined by solving the equations: 
-A'(l + p^) = A - {02 + n)x and A'(l + p^) = -A + (-^i + n)x 



see Figure 7.16 and recall Figure |1.11[ ). The continuity statement of the 



lemma follows by adjusting ^1,^2 appropriately and noting that each com- 
plementary component is almost surely a Jordan domain by the almost sure 
continuity of rje^ and rje^ ■ The first statement of the lemma follows from the 
same argument as in the proof of Lemma |7.2[ □ 



Note that in (7.2), as 4 —f — which corresponds to r/g^ approaching 



2 



the right boundary of rj' — we have that p J, —2. Likewise, as 61 f 
which corresponds to rjg^ approaching the left boundary of 1]' — we have that 
p^ l —2. The constraint 61 < 62 means that it is not possible to obtain the 
full range of p^, p^ > — 2 values by computing the conditional law of rj' given 
configurations of fiow lines of this type. 

In the next lemma, we are going to explain how to extend this method 
to the case that p^,p^ € (—2, |- — 4), which corresponds to an SLE^' with 
both weights below the critical boundary filling threshold. 

Lemma 7.25. Suppose that p^, p^ e (—2, y — 4). Then in the coupling of an 
SLEk'(p^; p^) process rf'^ with a GFF Hq as in Theorem \l.l\ we have that ?7g 
is almost surely determined by ho- Moreover, rj^ is almost surely continuous. 

Proof. In order to prove the lemma, we first need to understand the con- 
ditional mean of h given rj' and two angle varying fiow lines (which have 
the possibility of crossing each other). Specifically, we let = f and 
9r = —6l = — |. Suppose that 9i,92 are such that \0i — 9ji\ < n and 
1^2 — 9l\ < tt. Let rii := rjg^g-^ be an angle varying fiow line with angles 9ji, 9i 
and ?72 := rjg^g^ be an angle varying fiow line with angles 9l,92. We take 
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A-82X A-9lX -A-9hX -A-Six 
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Figure 7.17: Assume that h is a. GFF on the strip S whose boundary data 
is depicted in the left panel. Let = f and Or = — |. Suppose that 
1^1 — Or\ < 71 and 16*2 — 9l\ < vr. Let rji := rjQ^g^ and ri2 := Tjg^Q^ be angle 
varying flow lines of h with the aforementioned angles and which each change 
angle at unit capacity. If 61 > Or, then rj' will cross rji and likewise if 62 < Ol 
then rj' will cross 772. We assume that the boundary data of h is large enough 
so that rii,ri2,rj' intersect dS only at their initial and terminal points. Let yo 
be the first point where rji and 772 intersect after both rji, 772 are fiowing with 
angle 61,62, respectively. Let C be the connected component oi S\ {rji U 772) 
which lies between 771 and 772 such that uq is the last point on dC to be 
traced by 771,772; let be the first. Fix a stopping time r' for J^t = o'ijl'i.^) '■ 
s < t, 771,772) such that 77'(r') G C almost surely. The boundary data for 
the conditional law of h given 771,772, and 77'([0,r']) is depicted in the left 
panel. Let ip he a. conformal map which takes the connected component of 
C \ 77' ([0, r']) which contains Xq to S with 77' (r') taken to Zq and Xq taken to 
0. The the boundary data for the GFF hoip~^ — x aig{ip~^)' on S is depicted 
on the right side. From this, we can read off the conditional law of 77' viewed 
as a path in C given 771,772. It is an SLEk'(p^''^, p^'^; p^'^,p'^'^) process where 



the weights of the force points are given in (7.3). 



the angle change time for both 771,772 to be when the curves first reach unit 
capacity (the actual choice here is not important). Our hypotheses on ^1,^2 
imply that 771, 772 are simple (but may cross each other). We assume a, b, a', b' 
are large enough so that 771,772,77' almost surely do not intersect dS except 
at their starting and terminal points. 

It follows from Proposition 7.12 that if 771, 772 do cross, they cross precisely 
once, after which they may bounce off of one another. Let A{t) = 771 U 
77'([0,t]) U772 and J^t = <^{v'{s) • < t, 771,772). By Lemma 6.2, we know that 
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A{t) is a local set for h for every J^t stopping time r'. The boundary data 



for Ca{t') is described in the left panel of Figure 7.17, depicted in the case 
that rji, ri2 actually do cross. The justification of this follows from exactly the 
same argument as in Remark |6.11[ Let C be the connected component of 
S\{r]iUri2) which lies between rji and ri2 such that the last point on dC traced 
by r]i is the point where rii,ri2 first intersect after changing angles. It follows 



from the same argument as Remark 6.18 that r]' viewed as a path in C from 



yo to xq (recall Remark 6.17), the last and first points on dC traced by rji and 
?72, respectively, has a continuous Loewner driving function. Consequently, 



it follows from Theorem 2.4 and Proposition 6.5 that the conditional law of 



7]' in C given rii,ri2 is an SLEk'(p^; p^), with the weights given by 



1 02 

2 TT 



2, (7.3) 



-4 for g G {L,R}. 



(see the right panel of Figure |7.17 , the values of p follow from the same 
argument explained in Figure |7.16 recall also Figure 4.1). For the final 
expression, we used 9l = -{X ~ A') so that 



A' 



A' 



1 



K, 

~2 



1 - 1 



K 

2" 



4. 



By choosing 62 G {Or, 9l) we can obtain any value of p ' E (—2, y — 4) 
we like. Likewise, by choosing 61 G {0r,6l) we can obtain any value of 
p^,R g {—2, y — 4) we desire. Therefore the continuity statement of the lemma 
follows by adjusting 6*1, 6*2 appropriately, using the almost sure continuity of 
f]i,f]2 to get that C is almost surely a Jordan domain, and then applying 



the absolute continuity of the field (Proposition 3.2). The first statement of 



the lemma follows from the same argument as the proof of Lemma |7.2| along 
with another application of Proposition |3.2[ □ 



7.4.2 Many boundary force points 

The reduction of the statement of Theorem 11.21 for counterflow lines to the 
two boundary force point case is exactly the same as the analogous reduction 
for flow lines, which was given in the proof of Lemma |7.5[ This means that 



Theorem ll.2l for k' > A follows from Lemma 17.241 and Lemma 17.251 Thus we 
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are left to complete the proof of Theorem 1.3 for counterflow lines with many 
boundary force points. Just as in the case of flow lines, it suffices to prove the 
continuity of counterflow lines with two boundary force points on the same 



side of (recall that the proof of Lemma 7.22 and Theorem 1.3 for k G (0,4] 
was not flow line specific). The proof in this setting is more involved, though. 
The reason is that for certain ranges of p values, a counterfiow line will almost 
surely hit a force point even before the continuation threshold is reached 
(fiow and counterfiow lines only hit force points with positive probability 



when the partial sum of the weights is at most f — 4 < —2 and 



4 > -2, 



respectively). This leads us to consider four different types of local behavior: 



1. 



P 



1,R 



-2 with |p2.«| < |- (Lemma 7.26) 



2. p 



1,R 



-2,^-2),pi-^ + p2,R> i^_2 (L 



emma 



7.27) 



3. p^'^ > 



2, pi'-^ + p2.^ G (-2, 1^-2) (Lemma 7.28), and 



4. at least one of p^'^ < -2 or p^'^ + p"^'^ < -2 (Lemma 7.29) 



In the following sequence of lemmas, it may appear to the reader that 
the roles of the superscripts "L" and "i?" have been reversed. The reason is 
that the results will be stated for a counterflow line growing from the bottom 
of H as opposed to the top of the strip S, so everything is rotated by 180 
degrees. 

Lemma 7.26. Suppose that t]q is an SLEk'(p^''^, p^'^) process in H from to 
oo with force points located at —1 and —2 with weights satisfying p^'^,p^'^ + 
p'i,R > —2 and |p^'^| < y. Then rj^ is almost surely continuous. 

Proof. Suppose that h is a GFF on the strip S with the same boundary 

Let be an angle varying flow line with angles 
< — . We assume that 6*1, 6*2 < f so that rjQ-^^g^ 
almost surely stays to the right of the left boundary of the counterflow line 



data as in Figure 7.17 
6*1, 6^2 such that \9i — 02 



rj' (recall Proposition 7.11 as well as Proposition 5.1). Assume that a, b, a', b' 



are sufficiently large so that rj' and rjg-^g.^ intersect dS only at and zq. Arguing 



as in the proof of Lemma 7.25, the conditional law of rj' viewed as a path in 



the left connected component C of 5 \ri0^e2 is that of an SLEk(p , p ) where 



2 



7T 



-2 



2 and pi'« + p2.« 



TT 



-2-2. 
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Consequently, it is not difficult to see that by adjusting the angles 61,62, 
we can obtain any combination of values of p^'^^p^'^ such that p^'^ > —2, 
_|_ p2,/? ^ QT^(^ Ip^'^I < y (the restriction on |p^''^| comes from the 
restriction \6i — 62] < '^)- This completes the proof because we know that 
7]' viewed as a path in C is almost surely continuous and, in particular, 
is continuous when it interacts with the force points corresponding to the 
weights p^'-^,p^'^. □ 



-A' 




-2 -1 



Figure 7.18: The configuration of paths used to prove the continuity of an 
SLE«/(pi'-^,p2'«) process with p^'^ G (-2, y - 2) and p^'-^ + p^'^ > y - 2 
(the roles of "i?" and "L" are flipped since we are growing the counterflow 
line from the bottom of H rather than the top of S, so everything is rotated 
by 180 degrees). We suppose that h \s a. GFF on H with the boundary 
data depicted above. We assume that a = A'(l + p^'^) G (—A', A' + ttx) 
and b = A'(l + p^'^ + p^'^) > A' + irx- We let rj' be the counterflow line 
of h starting at and rjg be the flow line of h starting at 00 with angle 6. 
Taking 6 so that —A — 6x = ^' + ttx, we see that the conditional law of 77' 
given rjg in the unbounded connected component C of H \ rig{[0,T]), t the 
first time r]g hits [—2, 00), is an SLEk'(p^'''^, p^'^) process with p^'^ = p^'^ 
and p^'"^ + p^'"^ = y — 2. Since rjo is continuous, C is a Jordan domain, 
so the continuity of rj' follows from the case |p^'^| < y. We note that the 
precise location that rje hits [—2, —1] depends on the choice of a. There are 
choices of a for which r]g almost surely hits —2 first, which is the case shown 
in the illustration, and there are choices of a for which r}e hits somewhere in 
(-2, -1) ffist. 



Lemma 7.27. Suppose that rj^ is an SLE^'lp^'^, p'^'^) process with force 
points located at —1 and —2 satisfying p^'^ G (—2, y — 2) and p^'^ + p^'^ > 
y — 2. Then tJq is almost surely continuous. 
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Proof. See Figure 7.18 for an explanation of the proof. The one aspect of 
the proof which was skipped in the caption is that we did not explain why 
the conditional law of rj' given rjg is actually an SLEk'(p^''^, fP'^) process with 
pi,R _ pi,R ^T^^ pi,R _|_ _ K_ _ 2. This follows from an application of 
Theorem 2A_ In order to justify the usage of this result, we just need to 
explain why the conditional mean CA(t) of h given A(t) = ?7e([0, r]) U?7'([0, t]), 
T the first time that T]g hits [—2, oo), does not exhibit pathological behavior 
and is continuous in t > as well as why r]' has a continuous Loewner 
driving function viewed as a path in the unbounded connected component C 
of H\?7e([0, r]). The latter holds up until the first time r' that t]' hits riQ\d'H. 
since r]' itself has a continuous Loewner driving function. The former also 



holds up until time r' by Lemma 6^ and Proposition 3^ Since we know 
that SLEk/(p^'^, p^'^) processes are almost surely continuous by Lemma 7.26 
we thus have the continuity of 1]' up until either r' 
Remark 5.3) implies that t' = oo almost surely. 



Lemma 5.2 



see also 

□ 




Figure 7.19: The configuration of paths used to prove the continuity of 
an SLEk/(p^'-^,p^'^) counterflow line with p^'^ > y — 2 and p^'^ + p'^'^ G 
2). We suppose that h is a GFF on H with the boundary data 
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depicted above. Here, we assume that a = A'(l + p^' ) > X' + irx and 
b = A'(l + p^'^ + p^'^) G (-A', A' + vrx). We let rj' be the counterflow line 
of h starting at and let rjo be the flow line of h starting at —2 with angle 
6. Taking 6 so that —A — 6x = X' + nx, we see that the conditional law of 
7]' given rjg in the unbounded connected component C of H \ ?76»([0, t]), t the 
first time rjg hits [— l,oo), is an SLEk'(p^''^, p^'^) process with p^'^ = y — 2 
and p^'^ + fP'^ = p^'^ + p^'^. Since rjg is continuous, C is a Jordan domain, 
so the continuity of r]' follows from the case |p^'^| < y. 
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Lemma 7.28. Suppose that rj' is an SLEk'(p^'^, p^'^) process with p^'^ > 
y — 2 and p^'^ + p"^'^ G (—2, ^ — 2). Then Vj is almost surely continuous. 



Proof. See Figure 7.19 for an explanation of the proof. As in the proof of 
Lemma [7.27 we did not explain in the caption why the conditional law of 
r]' given rjg is an SLEk'(p^'^, p^'^) proc ess with p^'^ = p^'^ and p^'^ + fP'^ 
^ — 2. This follows from Theorem 2.4 



using an argument similar to what we 
Indeed, we need to explain why the conditional 
?76i([0,r]) U ?7'([0,t]), T the first time that rjg 



employed for Lemma 7.27 
mean CA{t) of h given A{t) 
hits [—1, oo), does not exhibit pathological behavior and is continuous in t as 
well as why t]' has a continuous Loewner driving function viewed as a path 
in the unbounded connected component C of H \ r^g. The latter holds up 
until the first time t' that rj' hits T]g \ dH since rj' has a continuous Loewner 



driving function. The former also holds up until time r' by Lemma 6.2 and 
Since we know that SLE^ 



Proposition 3.6 



'(P 



-1,R p2,R'j 



processes are almost 



surely continuous by Lemma 7.26 we thus have the continuity of rj' up until 
t'. This allows us to apply Lemma 5.2 to ?7'|[o,t'); which in turn implies that 
P[r' = oo] = 1. ' □ 



Lemma 7.29. Suppose that Vj is an SLEfj/(p^''^, p^'^) process with either 
p^'^ < —2 or p^'^ + p^'^ < —2 with force points located at < x^'^ < x"^'^ . 
Then rj' is almost surely continuous. 

Proof. The proof is explained in Figure 7.20 and Figure |7.21[ 



□ 



Proof of Theorem ] 1.3\ for /t > 4. Exactly the same as the proof for k, G (0,4] 
(recall Lemma 7.22). □ 



7.4.3 Light cones with general boundary data 

We are now going to explain how the light cone construction extends to the 



setting of general piecewise constant boundary data. Recall that Remark [578 
and Remark 5.11 from Section 5.2[ imply that the missing ingredients to 
prove that the light cone construction for counterfiow lines is applicable in 
this general setting are: 

1. the continuity of SLEk/(p) processes for general weights p and 

2. the continuity of angle varying flow lines. 
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■0(oo) = V'(0) ipix^ 



Figure 7.20: Suppose that h is a GFF on H whose boundary data is as 
depicted on the left side. We assume that at least one of a > A' or 6 > A'. 
Then the counterflow line rj' of h is an SLE^r{p^'^ , p"^'^) process with at least 
one of p^'^ < —2 or p"^'^ < —2. Assume, for example, that p^'^ > —2 and 
pi,L _|_ p2,L ^ _2 (.g^j^ ggg ^i^g^^ jg aJj^iost surcly continuous by applying 

the conformal map ■?/;: H — )■ H which fixes 0, takes x^'^ to oo, and oo to — 1. 
The boundary data for the GFF hoi\}~^ — xarg('0~^)' is depicted on the right 
side. Hence V'('7') is an SLEk'(p"'^'^; p^''^) process with p"^'^ > — 4 > —2 
and p^'^ > —2 and therefore continuous by Lemma 7.24 This implies the 

because V'(V) is 



2 and p^'^ + p^'^ < -2, the same 



continuity of r/' and that v( almost surely terminates at 
almost surely transient. If both p^'^ < 
argument works except we apply a conformal map which switches the sides 
of both x^'^ and x^'^ (as opposed to just x 



2,L\ 




Figure 7.21: (Continuation of Figure 



7.20 



Suppose that H is a GFF whose 



boundary data is as depicted on the left side where a < X' and b > A'. Then 
7]' is an SLEk/(p^'^,p^'-^) process with p^'^ < -2 and p^'^ + p^'^ > -2. Let 
T] be the flow line of h starting at x^'^ with angle 9. Taking 9 = — |vr, we 
know that rjg lies to the right of f]' and that rje is almost surely continuous. 



There are two possibilities. Either rje first hits (— oo,0) or 



say at 



the time r. In the former case, the conditional law of rj' given rjodO^T]) is 
that of an SLE,,(f - 4) process, hence continuous. In the latter case, the 
conditional law of rj' given rig{[0,T]) is that of an SLEK'(y — 4, p^'^) process 



where y — 4 + p 



P 



1,L 



_l_ p2,L ^ _2 ^ hence continuous. 
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Si y S3 Si y S3 




X X 



(a) (b) 

Figure 7.22: Suppose that /i is a GFF on a Jordan domain D and x,y £ dD 
are distinct. Let ??' be the counterflow hne of h starting at x aimed at y. Let 
K = Kl U be the outer boundary of ry', and Kr its left and right sides, 
respectively, and let I be the interior of Kl H dD. We suppose that the event E = 
{I 7^ 0} that rj' fills a segment of the left side of dD has positive probability, though 
we emphasize that this does not mean that r/' traces a segment of dD — which would 
yield a discontinuous Loewner driving function — with positive probability. In the 
illustrations above, r]' fills parts of Si, . . . , S5 with positive probability (but with 
positive probability does not hit any of Si, . . . , S5). The connected component of 
Kl \ I which contains x is given by the flow line rjL oi h with angle ^ starting at 
X (left panel). On E, rjL hits the continuation threshold before hitting y (in the 
illustration above, this happens when tjl hits 5*2). On E it is possible to describe 
Kl completely in terms of flow lines using the following algorithm. First, we flow 
along r]L starting at x until the continuation threshold is reached, say at time ri, 
and let zi = r/i(ri). Second, we trace along dD in the clockwise direction until 
the flrst point wi where it is possible to flow starting at wi with angle ^ without 
immediately hitting the continuation threshold. Third, we flow from wi until the 
continuation threshold is hit again. We then repeat this until y is eventually hit. 
This is depicted in the right panel above, where three iterations of this algorithm 
are needed to reach y and are indicated by the colors red, yellow, and purple, 
respectively. 
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We have at this point in the article estabhshed both of these results, which 



completes the proof of Theorem 1.4 We remark that the light cone is a bit 



different if v( fills some segment of the boundary, say on its left side (see 



Figure 7.22); let Kj^ be the left boundary of rl . The reason is that, in this 
case, Ki^ is no longer a flow line, though it is still possible to express Kj^ as a 
union of flow lines with angle Ql = \ and boundary segments. In particular, 
if rl does not fill the boundary all of the way until it hits its terminal point, 
say then the connected component of the closure of Ki\dD which contains 
X is given by the flow line starting from x with angle = |. The same is 
likewise true if the roles of left and right are swapped. 

Suppose that rj' is non-boundary filling, i.e. Yl,\=i P*'^ > y — 4 for all 
1 < j < Ip'^I and q G so that the left and right boundaries r]L and 

r]R of rj' are given by flow lines with angles | and — |, respectively. Then we 
can write down the conditional law of rj' given rji and rjR. (This is referred 
to as "strong duality" in |Dub09bj : see also |Dub09b[ Section 8] for related 
results) . 

Proposition 7.30. Suppose that rj' is an SLEk'(p'^; p^) process on a Jordan 
domain D from y to x with x,y G dD distinct. Assume X]i=i P*''^ > T ~ ^ 
for all I < j < Ip'^I and q G {L,R}. Then the conditional law of rj' given its 
left and right boundaries rji and rjfj is that of an SLEK'(y — 4; y — 4) process 
independently in each of the connected components of D\ [rji U rj^j) which lie 
between rji and rjR. 

Proof. This follows from the same proof used to establish the continuity 
of SLEk'(p'^; p'^) processes for p^,p^ > % — 4 and is given explicitly in 



Lemma |7.24[ The only difference is that the proof of Lemma 7.24 required 



rj' not to hit the boundary (with the exception of its initial and terminal 
points). The reason for this is that, at that point in the article, we had not 
yet established the continuity of general boundary hitting counterflow lines. 
Now that this has been proved, we can repeat the same argument again to 
get the proposition. □ 

If there exists a boundary point z which t]' almost surely hits, then we 
can use the light cone construction to describe the outer boundary rjl of rj' 
upon hitting z as well as compute the conditional law of rj' given rjl before 
and after hitting z. This is formulated in the following proposition (see also 



Figure 7.23 and Figure 7.24). 
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-A' 



Figure 7.23: Suppose that /i is a GFF on S whose boundary data is depicted 
above and fix z in the lower boundary OlS of S. Then the counterfiow fine 
1]' ~ SLEfj/(Y — 4; Y — 4) of /i from oo to — oo almost surely hits z, say at time 
r^. The left boundary of ri'{[0,T'^]) is almost surely equal to the fiow line rjl 
of h starting at z with angle 9l = \ stopped at time r^, the first time it hits 
the upper boundary duS of S. The connected components oi S\ '/^^([O, rj]) 
which lie to the right of '72([05 ''"z^]) visited by rj' in the reverse order 



that their boundaries are traced by ri\ (recall Lemma 5.7 and Remark 5.8). 
The right and left most points where the boundary of such a component 
intersects diS are the entrance and exit points of r]' . The conditional law of 
h given ^^^([O) ''"z]) each such component is (independently) the same as h 
itself, up to a conformal change of coordinates which preserves the entrance 
and exit points of rj' and the conditional law of rj' is (independently) an 
SLE«;/(y - 4; y - 4) process. 



Proposition 7.31. Suppose that h is a GFF on a Jordan domain D and 
x,y & dD are distinct. Let r]' be the counterfiow line of h from y to x. 
Suppose that z G dD is such that the first time that rj hits z is finite 
almost surely. If z is on the right side of dD, then the outer boundary of 
?7'([0,r^]) is given by the flow line t]1 of h starting at z with angle 9^ = |. 
Let C be a connected component of D\t]1 which lies to the right of rj],. Then 
VI[o.T^] given r]l in C is equal to the counterflow line of the GFF given by 
conditioning h on rjl and restricting to C starting from the point where rj' 
first enters C. Let Cx be the connected component of D\7]\ which contains 
X. Then ?7'|[r^,oo) given rjl is equal to the counterflow line of the GFF starting 
at z given by conditioning h on rjl and restricting to C^. Analogous results 
hold when the roles of left and right are swapped. 
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Figure 7.24: (Continuation of Figure 7.23) Moreover, ri'{[Ti,, oo)) almost 
surely stays to the left of ^^^([O' ''"i]) is the counterflow line of h given 
?72([0,rj^]) starting at z and running to — oo. Let w = riKr^). Since rj' is 
boundary filling and cannot enter into the loops it creates with itself and 
the boundary, the first point on duS that t]' hits after is w. The left 
boundary of r7'|[r^,oo) is given by the flow line rjl of h given ?72([0)'^i]) i^ the 
left connected component of 5 \ ''^^([O, r^^]) stopped at the time r| that it 
first hits z (Proposition 7.31 and Theorem 1.4). The order in which rj' hits 
those connected components which lie to the left of ^^^([O, r|]) is determined 



by the reverse chronological order that rj'^ traces their boundary (Lemma 5.7 
md the con 
4) process. 



and Remark 5.8) and the conditional law of r]' in each is independently an 
SLE..(#-4:^ 



Proof. The statement regarding the law of the outer boundary of t]' upon 



hitting z follows from Theorem |1.4| by viewing rj' as a counterflow line from 
y to z. Thus, to complete the proof of the proposition, we just need to 
deduce the conditional law of rj' given rjl. This follows the same strategy 
we used to compute the conditional law of a counterflow line given a flow 
line used in Section 7.4.1 and Section 7.4.2 In particular, we know that 



7]' has a continuous Loewner driving function viewed as a path in each of 
the complementary connected components of tjI using the same argument 
described in Remark 16. 161 and Remark 16.171 Moreover, the conditional mean 



of h given ?7'([0, r]) and rjl, t any stopping time for the filtration generated by 
i]'{s) for s < t and rjl, does not exhibit pathological behavior at intersection 
points of rjl and rj' using the same technique as described in Remark 6.9 The 
desired result then follows by invoking Theorem |2.4|and Proposition 6.5[ □ 
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We chose not to write down the precise law of r^' given rjl in the statement 
though in general this is very easy to do. One special 



of Proposition 7.31 



case of this result that will be especially important for us in a subsequent 



work is illustrated in Figure |7.23| and Figure |7.24| and stated precisely in the 
following proposition: 

Proposition 7.32. Suppose that D is a Jordan domain and x,y E dD are 

distinct. Let rj' ~ SLEK'(y — 4; y — 4) from y to x in D . Suppose that z G dD 
is in the right boundary of D. Then the conditional law of rj' given its left 
boundary rjl upon hitting z is an SLEK'(y — 4; |- — 4) process independently 
in each of the connected components of D\r]l which lie to the right ofrj\. Let 
Cx be the connected component of D\t]1 which contains x. Then rj' restricted 
to Cx is equal to the counterflow line of the conditional GFF h\c^ given rjl. 
Let rjl be the flow line of h\c^ starting at the first point w where r]l hits the 
left side of dD with angle | . Then rjl is the left boundary of rj' restricted to 
Cx- Moreover, the conditional law of rj' in Cx given rjl is independently that 
of an SLEK'(y — 4; |- — 4) process in each of the connected components of 
Cx \ rjl which lie to the left of rjl- Analogous results likewise hold when the 
roles of left and right are swapped and the angle | is replaced with — |. 



Proof. This is a special case of Proposition 7.31 See Figure 7.23 and Fig- 



ure |7.24| for further explanation as to why these are the correct weights for 
the conditional law of r^'. □ 



7.5 The Fan is Not Space Filling 



Suppose that /i is a GFF on the infinite strip S with boundary data as 
We will first assume that a, 6 > 



in Figure 7.25 



A 



A' and that 



a', 6' > A' + TTx so that the counterflow line rj' of h starting from zq almost 
surely hits SlS only when it exits at and does not hit duS except where 
it starts at zq. Recall from Section [5.2| that the fan F is the closure of the 



union of the ranges of any collection of flow lines rjg of h where 6 ranges 
over a countable, dense subset of [— |, |] (recall also the simulations from 



Figures 1.2-1.5). By Lemma 5.7, we know that the range of rj' almost surely 



contains F. The main purpose of this subsection is to establish the following 
proposition, which implies that F almost surely has zero Lebesgue measure 



for all K G (0,4) (recall Figure 1.16): 
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Figure 7.25: The setup for Proposition 7.33 Suppose that h is a GFF on 



the strip S with the boundary data depicted in the left hand side above. 
We assume that a, 6 > A — |x = ^"^^ that a', b' > X' + ttx so that the 
counterflow hne r]' of h starting at Zq intersects dS only at zq and 0, its 
starting and terminal points, respsectively. Let r' be any stopping time for 
the counterflow line rj' of h starting at zq such that rj'^r') ^ almost surely. 
We will prove that 77'(t') almost surely is not contained F. To prove this, we 
let i\} be the conformal map which takes the unbounded connected component 
of iS \ V([0) ''"']) back to S which fixes ±oo and 0. Let = ipirj'ij')) G duS. 
The boundary data for the GFF h := h o ip~^ — % arg('?/'~^)' is depicted on 
the right side. We show that the fan of h almost surely does not contain wq. 



Proposition 7.33. Suppose that we have a GFF h on S whose boundary 



data is as in Figure 7.25 with a,b > X — = ^'^^ > A' + nx- Let 
t' be any Vj stopping time such that r]'{T') ^ almost surely. Then we have 
that P[ri'{T') G F] = 0. In particular, the Lebesgue measure of F is almost 
surely zero. 



Before we proceed to the proof of Proposition |7.33[ we need to record the 
following simple fact about SLEi^{p^] p^) processes. 

Lemma 7.34. Suppose that rj is an SLEf^{p^] p^) process in H with p^, p^ G 
(—2, f — 2) and with the force points located at 0^, 0^, respectively. For every 
t > 0, we have that both |r7([0, t]) fl R_ | = oo and |?7([0, t]) fl R+| = oo almost 
surely. 

Proof. It is obvious that |r7([0,t]) fl R_| = oo for all t > almost surely 
when p"^ = because in this case Wt — V/" evolves as a positive multiple 
of a boundary intersecting Bessel process (Section [2]). This remains true for 
p^ G (—2, f — 2) because we can couple rj with a GFF h so that rj is the flow 
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line of h. As in Section 7.1, we can condition on a flow line r]g of h with 6 
chosen so that = — 6'x/A — 2. Then the law of r] conditional on rje is an 
SLEk(p^; p^) process, which proves our claim. Reversing the roles of p^ and 
p^ gives that |?7([0,t]) fl R+| = oo for alH > almost surely, as well. □ 



We can now proceed to the proof of Proposition |7.33[ The idea is to 
construct a "shield" consisting of a finite number of flow lines at wq, the image 
of ?7'(t') under the conformal map of the unbounded connected component of 
5\?7'([0, r']) back to S which fixes ±oo and 0. This is described in Figure 7.26 



Proof of Proposition 7.33 . Fix any stopping time r' for r]' such that ri'ir') ^ 
almost surely. Let ip be the conformal map which takes the unbounded 
connected component oi S\ r7'([0,r']) back to S and fixes ±oo and 0. Let 
Wq = il){ri'{T')) and note that Wq G djjS. Then the boundary dat a for the GFF 



7.25 



Fix r > 



"^)' is depicted in the right panel of Figure 
such that B{wq, r) fl OS is contained in the image of the outer boundary of 
?7'([0, t']) under -0 in duS. By Proposition 3.2 , h\B{wo,r) is mutually absolutely 



continuous with respect to a GFF on S whose boundary data is constant —A' 
on the part of duS which lies to the left of Wq and constant A' on the part 
of duS which lies to the right of wq. Therefore there exists n = n{K) G N 
and angles 6i, . . . ,6n such that with rj^° the fiow line of h starting from wq 
with angle 9i, we have that rf^° almost surely intersects both r/^° ^ and r/^'^^ 
for each i. For each i, let Ti be the first time t that 7]^° first exits B{wo,r). 

Note that U"^^r/^''([0, Tj]) is a local set for h by Proposition 3.^ 

^°([0,T^]) is local and almost surely determined by h (Theorem 
Let Ui be the union of the set of connected components of Uq = 



since each 



{B{wo,r)n 

S) \ U"^]^r/^°([0, Tj]) whose boundary intersects dB{wo,r). Inductively let Uk 
for k > 2 he the union of those connected components of Uq whose bound- 
ary intersects the boundary of Uk-i- Finally, let U = U^^iUi. Lemma 7.2 
imphes that U does not contain wq. 

We next claim that, almost surely, rjg = ipive) for each 6* G [— |, |] cannot 
traverse U and, therefore, cannot hit wo- Once we have established this, the 
proof of the proposition will be complete. Fix 6' G [— |, |]. Note that rjg can 
hit only one side of each rjg.{[0,Ti]) and, upon hitting r/^°([ 0, Tj]) will cross 
but cannot cross back (see Figure 7.26 and Proposition 7.12). Since rjg must 



cross one of the ^/^°([0, Tj]) when it passes from Uk to t/fc+i, it follows that rjg 
cannot enter Un+i and therefore cannot traverse U. □ 
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(a) The shielding fan. (b) Since flow Hnes can only cross each other 

at most one time, it follows that rjg can only 
intersect at most one pocket between each pair 



Figure 7.26: Suppose we have the same setup as the right panel of Fig- 
We take n = nin) G N flow lines rf^°, . . . , rj^° with angles 6i, . . . ,6n 



7.25 



ure 

so that 

i = n). Fix r > such that B[wo,r) fl dS is almost surely contained in the 
part of duS where the boundary data of h is either A' or —A'. i'Or eacn we 

^« first exits B{wo,r) 



rj^° almost surely intersects both of its neighbors (or duS if i = 1 or 
x r > such that B{wo, r) fl dS is almost surelj; 

A'. For each i, 

implies that 



7.34 



let Ti be the first time that rj^° first exits B(wo,r). Lemma 
each of the rf^° intersects its neighbors almost surely infinitely many times in 

every neighborhood of wq. Take any flow line rje of h starting at with initial 
angle 6. By Proposition 7.10 and Proposition 7.12 , rjg can only intersect at 
most one pocket between each pair r]^°, ?7^° Thus the set of points that rjg 
can access is contained in the set of pockets between pairs rj^° , rj^^^^ which 
are connected to the unbounded connected component of 5 \ U"^]^r/^° by a 
chain of at most n such pockets. Therefore F almost surely does not contain 

Wq. 
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